GLOBAL WELL-POSEDNESS OF THE BENJAMIN-ONO 
in"; EQUATION IN LOW-REGULARITY SPACES 

O 

CN ■ ALEXANDRU D. lONESCU AND CARLOS E. KENIG 

< 

cn 



■3 



X 



Abstract. We prove that the Benjamin-Ono initial value problem is glo- 
bally well-posed in the Banach spaces H^(R), cr > 0, of real- valued Sobolev 
functions. 



CM. 

<^ ■ 1. Introduction 



In this paper we consider the Benjamin-Ono initial value problem 

'dtu + ndlu + d,{uy2) = 0- 
u{0) = 0, 



! where Ti. is the Hilbert transform operator defined (on the spaces C(R : H'^), 

^ I cr G M) by the Fourier multiplier —isgn(^). The Benjamin-Ono equation is a 

' model for one-dimensional long waves in deep stratified fiuids (^ and ^^), and 

^ . is completely integrable. The initial value problem for this equation has been 

i/^ ! studied extensively for data in the Sobolev spaces H^{R), a > 0.^ It is known that 

^ ! the Benjamin-Ono initial value problem has weak solutions in H^(R), //^^(M), 

^ ; and Hf(R) (see jTHI, and [IHl), and is globally well-posed in H^(R), a >1 

c3 ■ (see |18^, as well as j3], [121, 0) and for earlier local and global well-posedness 

S . results in higher regularity spaces). In this paper we prove that the Benjamin- 

j> ! Ono initial value problem is globally well-posed in if^(M), a > 0. 

Let H^{R) = n'^^oH^iR) with the induced metric. Let : H^{R) C{R : 
H!^{R)) denote the (nonlinear) mapping that associates to any data G the 
, corresponding classical solution m G C(M : -ff^) of the initial value problem (jl.lj) . 

We will use the conservation law: if G H!^ and u = S°°{(j)) then 

/ u{x,tfdx= / (t){xf dx for any t G M. (1.2) 



The first author was supported in part by an NSF grant, an Alfred P. Sloan research fellow- 
ship, and a David and Lucile Packard fellowship. The second author was supported in part by 
an NSF grant. 

""^In this paper H'^ — H^{R) denotes the space of real-valued functions (j) with the usual norm 
= ||(/i||_ff'' = 11(1 + ICP)'^^^9^(f)llL^. All the other Banach spaces of functions, such as L^, 

H'^ , H"^, F"', N°' etc, are defined as spaces of complex-valued functions. 
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For T > let : H^(R) C{[-T,T] : H^(R)) denote the restriction of the 
mapping 5*°° to the time interval [— T, T]. 

Theorem 1.1. (a) Assume T > 0. Then the mapping : C{[—T,T] : 

H^) extends uniquely to a continuous mapping : C{[—T,T] : H^) and 

\\SUm)\\HO = MIh? for any t G [-T,T], G H^. 

The function S^{(j)) solves the initial value problem in S'(R x (— T, T)) for 
any G H^. 

(h) In addition, for any a > 0, S^{H^) C C([-T,T] : H^), 
\\St{(1>)\\c{[-t,t]:H?) < C{T,a,\\(p\\H^), 
and the mapping = S^\h^ '■ ~^ C{[—T,T] : H^) is continuous. 

We mention that the flow map (p — > S^{(f)) fails to be uniformly continuous on 
bounded sets in W^. for any cr > 0, see p. In a forthcoming we will consider 
well-posedness theorems for complex-valued data, as well as (local) ill-posedness 
theorems for data in , a < 0. 

We discuss now some of the ingredients in the proof of Theorem ll.il The main 
obstruction to simply using a fixed-point argument in some X^'^ space (in a way 
similar to the case of the KdV equation, see J. Bourgain [2]) is the lack of control 
of the interaction between very high and very low frequencies of solutions (cf. PU] 
and [9 ). Following we first construct a gauge transformation that weakens 
this interaction, in the sense that we will be able to assume that low frequency 
functions have some additional structure (see the space Zq defined in section 
El). Even with this low-frequency assumption, the use of standard X"''^ spaces 
for high-frequency functions (i.e. spaces defined by suitably weighted norms in 
the frequency space) seems to lead inevitably to logarithmic divergences in the 
modulation variable (see |S|). To avoid these logarithmic divergences we work 
with high-frequency spaces that have two components: an X'^'^-type component 
in the frequency space and a normalized L\L'l component in the physical space. 
This type of spaces have been used in the context of wave maps by D. Tataru 
^3] (and refined versions in ^3], ^], and JZI); we remark that for the physical 
space component we use a suitable normalization of the local smoothing space 
L^Lj instead of the energy space LjLl. Then we prove suitable linear and bilinear 
estimates in these spaces, and conclude the proof of Theorem 11.11 using a fixed- 
point argument. 

The rest of the paper is organized as follows: in section |21 we construct our 
gauge transformation and reduce solving the initial- value problem (jl.l|) to solving 
three easier initial-value problems. The point of this reduction is that the initial 
datum of the resulting three initial-value problems have some special structure 
at very low frequencies (see the spaces H'' defined in ()3.10p ). In sections El 
and El we construct our main Banach spaces and prove some of their elementary 
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properties. In section we prove several linear estimates using these Banach 
spaces. In sections El 13 and |H1 we prove our main bilinear estimates. In section 
El we prove several bounds for operators defined by multiplication with certain 
smooth bounded functions (such estimates are delicate in the context of X^''' 
spaces). Finally, in sectional we combine all these estimates and a fixed-point 
argument to complete the proof of Theorem 11.11 

We would like to thank S. Herr and H. Koch for useful discussions in the early 
stages of this work. 



The first step is to construct a gauge transformation to weaken significantly 
the contribution coming from the low frequencies of the data. Assume G 
and u = S'^{(f)) e C(R : H^). On L'^(R) we define the operators 

Plow defined by the Fourier multiplier ^ l[-2i",2io](0! 
-P±high defined by the Fourier multiplier ^ l[2io^oo)(='=0j 
P± defined by the Fourier multiplier ^ l[o,oo)(±0- 

Let (/)o = Piow</> e H^, uq = S°°{(t>o), u = u-uq. Since ||0o||//- < C^||0||l2 for 
any a > 0, 



2. The gauge transformation 



sup pr9:^uo(.,t)IUi <a„.J|0||L2, ai,a2G [0,oo)nZ 



(2.1) 



t6[-2,2] 

Using the equation (|1.1|) . 



dtu + Hdlu + d,{uo ■ u) + d^{iP/2) = 0; 

m(0) = P+high0 + -P-high0- 



(2.2) 



We apply P+high, P-Wgh, and Plow to ()2.2|) to obtain 



dt{P±hig\,u) =F i ■ 9^(P±highM) + P±highdx{uQ ■ u) + P±high<9x(MV2) 

(-P±high^)(0) = P±high0, 



0; 



(2.3) 



and 



dt{Pxo^u) + mliPio.u) + Piow5x.(wo ■ u) + Piow9,(nV2) = 0; 
(Piow2)(0) = 0. 



(2.4) 



We now let 




(2.5) 
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where Uq is a suitable gauge that depends only on uq- As in we define first 
f/(0, t) on the time axis a; = by the formula 

dtUoiO, t) + ^7^5,Mo(0, t) + ^^^(0, t) = 0, f/o(0, 0) = 0, (2.6) 

and then we construct UQ{x,t) using the formula 

d,Uo{x,t) = ^uo{x,t). (2.7) 

It is important to notice that Uq is real-valued, since 0o and uq are both real- 
valued. Using the equation for uq = S'°°(0o) and ()2.7|) . we have 

9,[9t?7o + HdlUo + {d.Uof] =0 on M x M. 

Using (Eini) and it follows that 

dtUo = -^nd^uo - ^ul on R x R. (2.8) 

In particular, in view of (EHj) and (ESI), Uq G C°°(R x M). In fact, it follows from 
(|TT| . (EHj), and (j2IHl) that for any integers (Ti,a2 > 0, (0-1,(12) 7^ (0,0), 

sup pr5:^t/o(.,t)iii2 <a,.ji0iiL- (2.9) 

te[-2,2] 

We substitute now the formulas P+high^^ = e~^^°w+ and u = e~*^°ti;+ + e*^°w_-|- 
Wq in the equation ()2.3|) for P+highW; the term P+high(Moe~*^°92,.w+) cancels (using 
()2.7|) ). and the result is 

{dt + ndl)w+ = E+{w+,w_,Wo); 

w+(O)=e^^o(-'O)P+high0, ^ ■ ' 

where 

E+(w;+,ti;_, Wo) = -e*^«P+high[5x(e-*^°«;+ + e*^«z/;_ + Wo^m 

- e*^«P+high[9.[Mo(e^^«u;_ + Wo)]] 

+ e'''°(P-high + Piow)(Moe-^^«9,^i;+) + 2^P_(9>+) 

- e^^«P+high[9.(Moe-*^«) ■ w+] + t{dtUo - idlUo - (d^Uo)^) ■ w+. 

Since w+ = e^^«P+high(e-*^°w+), w_ = e-*^oP_high(e*^«w_), and Wo = PioA^o) 
(see (j2.5|) ). we use (j2.7|) and (j2.8p to rewrite E+{w+,w^,Wo) in the form 

E+iw+,w.,wo) = -e*^«P+high[9.(e-'^°t/7+ + e'^°u;_ + wo)y2] 

- e*''''P+high[5..[no ■ P_high(e*''°ti^-) + Uo ■ Piow(^o)]] 

+ e^'^'^P-high + Piow)[5x(«o ■ P+high(e-*^°u;+))] (2.11) 
+ 2zP_[9^(e^^«P+high(e-^^«^+))] 

- P+d^Uo ■ w+. 



Finally, using ()2.4|) . 



Wo{0) = 0, 



where 



(2.12) 
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A similar computation using the equation ()2.3j) for P_highM gives 

{dt + Hdl)w^ = E_{w+,w_,Wo); 

where 

E_{w+,w., Wo) = -e-^^''P_high[9.(e-^^°«;+ + e*^°w7_ + Wof/2] 

- e-^^«P_high[9.[Mo ■ P+high(e-*^"w;+) + uq ■ Piow(w^o)]] 

+ e-^^«(P+high + Pio^Miuo ■ P-high(e*''°^-))] (2.13) 
-2zP+[92(e-^^°P_high(e^^»ti;_))] 

- P-d^Uo ■ w_. 



(2.14) 



Eo{w+,w.,wo) = -^PioAdx[ie-'''°w+ + e'''°w_+Wo + Uof ~ul]]. (2.15) 

We summarize our construction in the following lemma: 

Lemma 2.1. Assume (p e and u = 5°°(0) G C(M : H^). Then 

u = e~'^°w+ + e'^°w_ +wo + uq, 

where uq = 5*°° (Plow (0)) satisfies ()2.1|) . Uq satisfies ()2.9|) . and w+, W-, and wq 
satisfy the equations ()2.10p . ()2.12|) . and ()2.14p . where E+, E_, and Eq are as in 
(mH), (1^^ - and (I^J[H|) . 

Remark: The expressions and £'+ in ()2.1H) and ()2.13j) appear complicated 
due to the various terms. We observe however that only the nonlinear terms in 
the first lines are difficult to handle: the terms in the second, third, and fourth 
lines are essentially of the form 

P± [smooth ■ Pip (rough)]. 

Such expressions have a strong smoothing effect on the rough function. Also, in 
the term in the fifth line, the derivative acts on the smooth function. 
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3. The Banach spaces 

Let rjo : M. [0, 1] denote an even smooth function supported in [—8/5,8/5] 
and equal to 1 in [-5/4,5/4]. For Z e Z let xiiO = VoU/^^) - ^o(^/2'"^), Xi 
supported in : |^| G [(5/8) • 2\ (8/5) ■ 2']}, and 

h 

XlhM = ^Xi for any /i < ^2 e Z. 

i=ii 

For simplicity of notation, let r^; = if / > 1 and ^7; = if / < —1. Also, for 
/i < /a e Z let 

h h 
^{hM =^Vi and r]<i^ = ^ r]i. 

1=1-1 l=—oo 

For any integer > and (f) G L^(]R) we define the operator Pk by the formula 

By a slight abuse of notation we also define the operators Pk on L^(]R x M) by 
the formula J^{Pku){^, r) = r]k{0^{u){^, r). 

For Z G Z let /; = G M : 1^1 G [2'"^ 2'+^]}. For / G [0, oo) H Z let Ii = [-2, 2] 
if / = and Ii = Iiiil> 1. For G Z and j > let 

Dk,j = {(^, r) G M X M : e G 4, r - c^(0 G /,} if A; > 1; 
= {(^, r) G M X M : ^ G 4, r G Jj} if A; < 0. 

Let Z+ = Z n [0, oo). For ^ G R let 

^(0 = -eie|. (3.1) 
We define first the Banach spaces = ^^(IR x M), A; G Z+: for > 1 we define 
Xfc ={f E : f supported in 4 x M and 

j=o 

where 

(3k,j = 1 + 2(^'-2'=)/2. (3.3) 
The precise choice of the coefficients (3k,j is important in order for all the bilinear 
estimates (HD), (Q, (jHUD, and (Q to hold. Notice that 2^/^pk,j ~ 2^' when k 
is small. For A; = we define 

Xo ={/ G : / supported in Jq x M and 

oo 1 /g 
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The spaces Xk are not sufficient for our purpose, due to various logarithmic 
divergences involving the modulation variable. For k > 100 and = we also 
define the Banach spaces = Yfc(]R x M). Let and J^i denote the Fourier 
transform operators on S'{K. x R) and iS'(R) respectively. For A; > 100 we define 



fc-i 

Yk = {f E L'^ : f supported in D^j and 

j=0 

\y, :=2-'=/2||^-i[(r-a;(O + 0/(e,r)]|U.^. < oo}. 



(3.5) 



For A; = we define 

Yq = {f E : f supported in Jq x R and 



y, := ^2^||^-i[r/,(r)/(e,r)]|U.^. < oo}. 

j=0 



(3.6) 



Then we define 

Zk := Xk if I < k < 99 and Zk := Xk + Yk if k> 100 or = 0. (3.7) 

The spaces Zk are our basic Banach spaces. The spaces Xk are X*'''-type spaces; 
the spaces Yk are relevant due to the local smoothing inequality 

II<9xm||l-l2 < C\\{dt + ndl)u\\LiL^^ for any u G 5(R x M). 

Remark: For G [1, 99] fl Z we could define the spaces Yk as in ()3.5|1 and let 
Zk := Xk + Yk. This is not necessary, however, in view of Lemma f4. II (b) below. 
In some estimates we will also need the space Zq, Zq C Zq, 



Zo ={/ G L2(R X R) : / supported in Jq x R and 

oo 

\\f\\z,--=Y.^'\hir)f{^,r)\\,.^^<oc}. 

j=0 

We also define the space -Bo(K) by 

Bq ={/ G L^(R) : / supported in Jq and 

1 

Bo:= inf ||-Fr'(^7)|Ui+ J2 2-''|Ix.'-/^IIl^<oo}. 

k'=—oo 



(3.8) 



(3.9) 



For G Z . let 



^fc(e,r) =r-^(0 + Hf A;> 1; 
Ak{^,T) =T + i if k = 0. 
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For cr > we define the Banach spaces H'' = H''{R), = F'^(M x M), and 
N" = N^iR X R): 

oo 

(3.10) 



k=l 



oo 



k=0 



oo 



F^^[ue S'{R X M) : \\u\\% ■.= J2'^"''\\Vkm - < oo}, (3.11) 

and 

N^^[ue S'{R X M) : Ml. ■.= J2^''^%k{0M^,r)-'j'{u)\\l^ < oo}. 

k=0 

(3.12) 

4. Properties of the spaces 

We start with some basic properties of the spaces Zk- Using the definitions, if 
A; > 1 and fk G Z^ then fk can be written in the form 

oo 

fk=J2 fk,j + 9k', 

oo (4.1) 

E2^-/2^,,,||/,,,IU. + lk||y,<2||MU„ 

such that fkj is supported in Dk.j and (yf^ is supported in Ujlo -^'sj (^^ A: < 99 
then = 0). If /o G Zq then /o can be written in the form 

oo 1 ^ oo 

/o = S S /o,i + S 50 J-; 

j=0 k'=—oo j=0 
oo 1 oo 

j=0 k'=—oo j=0 

such that /oj is supported in i^fc'j and goj is supported in /q x 
Lemma 4.1. (a) Ifm,m' : R ^ C, A: > 0, and fk G Zk then 

miOfki^,T)\\z,<C\\J^,-\m)\\L^^M)\\fk\\z,; 
m'(r)/,(e,r)|U,<C||m'||i^(„)||MU,. 

(b) If k >1, j > 0, and fk G Zk then 
Hir-^iO)fk{C,r)\\x,<C\\fk\\z,. (4.4) 

(c) If k > 1, j & [0, k], and fk is supported in Ik xR then 
I \J'-'[v<j{r - u;{0)fk{C, r)] | l^i^. < C| \J^-\fk) \ l^i^.. (4.5) 



(4.2) 



(4.3) 
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Proof of Lemma \4 . i| Part (a) follows directly from Plancherel theorem and the 
definitions. 

For part (b), we may assume k > 100, fk = Qk ^ Yk, and j < k. We notice 
that if Qk G Yk then Qk can be written in the form 

Qki^, t) = 2^/2x[fc_i,,+i](0(r - LoiO + ir'v<k{r - ^(0) 4 e-'-^h{x, r) dx- 

\\9k\\Yk = C\\h\\LlL2. 

(4.6) 

The inequality in part (b) follows easily since |{^ G Ik '■ \t — uj{^)\ < 2-'+^}| < 
C2^-^ see 

For part (c), using Plancherel theorem, it suffices to prove that 



< C. 



(4.7) 



In proving ()4.7p we may assume k > 100. Then the function in the left-hand side 
of ()4.7p is not zero only if r ^ 2"^^. Simple estimates using the change of variable 
T — uj{C,) = a and integration by parts show that 

2j-k 



JxS, 



X[k-i,k+niOv<j{T - ^(0) 



if r 2^^^, which suffices to prove ()4.7|) . 



< C 



1 + (2J-'=x)2 



□ 



Using ()4.H1 and Lemma [4.1 1 (b), (c), it follows easily (see the proof of Lemma 
15.21 for a similar argument), that if A; > 1 and (/ — d'^)fk G Zk then fk can be 
written in the form 



fk — Yl fkj + dk', 

j=0 

oo 

E 2^^'/3kMl - d'^)fk,\\L^ + d'r)9k\\n < C\\{I - 92)/,|U„ 

j=0 

k-20 



(4. 



such that fkj is supported in Dkj and gk is supported in Uj=o (^^ k < 99 
then Qk = 0). We prove now several estimates using the spaces Zk- 

Lemma 4.2. (a) If k > 0, t E M., and fk G Zk then 

\\Lfki^,r)e^'^dT\\^,<C\\fk\\z, ifk>l; 
\\J^foi^,T)e^'^dT\\^^<C\\f,\\z,zfk = 0. 

As a consequence, 

F" C C(M : H"") for any (x > 0. 
(h)Ifk>l and (/ - dl)fk G Zk then 

\\:F-\fk)\\LiLr <C2^"W ~ dl)fk\W 



(4.9) 

(4.10) 
(4.11) 
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(c) If k > 1 and ft G Zk then 

\\:F-\U)\\L^L.<C2''/^\\h\\z,. 



(4.12) 



Proof of Lemma \4.S\ For part (a), A; > 1, we use the representation ()4.H1 . Assume 
first that fk = fkj- Then 

/ fk,M,T)e^'-dr < C\\f,,{^,T)\y r. < C2^/'UJ\,. , 
Jm. ^( 

which proves ()4.9p in this case. 

Assume now that k > 100, fk = gk & Yk, and write gk as in ()4.6p . We define 
the modified Hilbert transform operator 



^kig){fJ') = / fi'(r)(r-/i + i) ^?7[o,fc](r - /i) c/r, g e L'^(R). 



(4.13) 



Clearly, ||>Cfc||L2^^2 < C, uniformly in k. We examine the formula ()4.6|) and let 
h*{x,fi) = Ck[e''^h{x,T)]{fi), \\h*\\LiLi < C\\h\\Lm. Then, using gSl) 



gki^,T)e''^dr 



X[fe-i,fc+i](0 / e-^^«/i*(x,a;(0)rfx 



< C2'=/2 .2-fc/2||/^*|| 



(4.14) 



which completes the proof of ()4.9|) in the case A; > 1. 

Assume now k = 0. We use the representation (j4.2|) . Assume first that /o = /q j 
is supported in Dk'j, ||/o|Uo ~ Wfo'jllL^- Then 

II / /^;-(e,r)e^*^rfr|| <C2-'='|| / |/o^;.(e, r)| rfr| |^, < C2-^V/2||/^;.|U., 

which suffices. _ _ 

Assume now that /o = ^-oj is supported in Iq x Ij, \ \fo\\zo ~ 2^ll-^""^(5'o,i)||LiL2. 
Then 

II / goA^,r)e''^dT\\ <C\\J^-\go,)\\LlLr<C2^^'\\J^-\go 
Jr 

which completes the proof of part (a). 

For part (b) we use the representation ()4.8|) . Assume first that fk = fkj and 
let ffj{i,lj) = fk,j{^,f^ + ^iO)- By integration by parts, the left-hand side of 
(j4.11|) is dominated by 



r 2 r oo 

^x-^teln-l/2,n + l/2] 



dfi. 
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The bound ()4.1H) now follows from the standard maximal function estimate 



r 2 r oo 

^x-^tG[-l/2,l/2] 



< C2''/^\\g\ 



(4.15) 



for any function g supported in J^, see jTJ Theorem 2.7]. In fact, the argument 
above and ()4.15|1 show that if fk G then 



r 2 r oo 

-^x-^tG[-l/2,l/2] 



<C2^/'||M 



(4.16) 



Remark: The inequality ()4.1ip is relevant only when j < k. For j > k the 
Sobolev imbedding theorem easily gives a stronger estimate. 

Assume now that k > 100, fk = gk, {I — dl)gk G Yfc. By integration by parts, 
the left-hand side of ()4.1H1 is dominated by 

C 



E 



^2 + 1 



{I-d',)gk{i,T)e^^^d'^didT 



r 2 r oo 



We write now (/ — d'^)gk as in ()4.6|) . In view of ()4.6p . it suffices to prove that if 
/(e, r) = 2^/2^[fc^i,,+i](0(r - cu(0 + 2)-^<;^(r - cu(0) • /^(r) (4.17) 

then 



f{tT)e'^^e''^didr 



r 2 r oo 

-^3:-^te[_l/2,l/2] 



<C72^/'||/i||l^. 



(4.18) 



Since k > 100 and |^| G [2'^ ^,2'^+^], we may assume that the function h in 
(jOTjl is supported in the set {t : |r| G p^'^-i", 2^'=+^°]}. Let h+ = h ■ l[o,oo), 
= h ■ l(_oo,o], and define the corresponding functions /+ and /_ as in ()4.17j) . 
By symmetry, it suffices to prove the bound ()4.18|) for the function /+, which is 
supported in the set {(^,r) : ^ G [-2*^+2, -2'"'% t G p^^-^^, 22^'+i°]}. In view of 
(jnUl), T—u!{^) = r— ^2 on the support of /+, and /+(^, r) = unless |a/t-|-^| < C. 
Let 

/;(e,r) = 2'=/\[,_i,,+i](-v/f)(r-e^ + iV^ + O' + ^V^2-''r' 
Using Lemma f4. II (b), it is easy to see that 

ii/+-/;ik <c^ii/^+iu- 

Thus, using dnnD, ll^-'(/+-/;)||LiL-;_,/,_,/,, < C2'^/''\\h+\\L2. To estimate 
\\^~^{f+)\\LlL'^^ 1/2 1/2] niake the change of variables ^ = — + f^- Then 

J^-\f[){x,t) = 2'/' [ h+ir){2V^)-\[k-i,k+ii-V^)e''^e-^^^dT 

X / ?7o(/u)(/U + V2'^+')"'e'"^(i/i. 



(4.20) 
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The absolute value of the integral in /i in fl4.2()|l is bounded by C. We make the 
change of variables r = in the first integral, and use the bound (j4.15p . It 
follows that ||J^~^(/+)||l2l°° < CS^-'/^l l/i+l 1/^2, which completes the proof 

of ^M- 

For part (c) we use the representation ()4.1|1 . Assume first that fk = fkj and 
~ + ^(0)- It suffices to prove the stronger bound 

for any xq G M. Using Plancherel theorem, duality, and the Cauchy-Schwartz 
inequality, the left-hand side of the inequality above is dominated by 



C sup [ Jf*i^,^^)\■\h{^^ + uJiO)\d^d^, 
<C sup /(/ \fU^,f^)\'d^yf [ m^M + ooiOWd^Y'd^, 
<C2-'/^2^/H I |/#(e,/x)rc^ec^/x 



1/2 



as desired. 

Assume now that k > 100, fk = Qk ^ ^k and write as in ()4.6p . Using 
Plancherel theorem, it suffices to prove that 

3"'"^X[fc-i,fc+i](0(^ - ^(0 + ^r'v<k{r - d^ < C2-\ (4.21) 

uniformly in xq and r (assuming k > 100). We may assume |r| G ^2"^^^'^^ ,2"^^^^^] 
and, by symmetry, r > 0. Then the variable ^ in the integral in ()4.21|) is in 
the interval [—y/r — C, —\fT + C\ and r — ujiX) = t — ^ ■ As in part (b), see 
(14. 1911 ■ we replace the integrand l(_oo„o](OX[fc-i,fc+i](0(^ - + - i^) 

with X[A:-i,fc+i](-v^)(^ - + (v^ + 0^ + ^v^2~'=)-i?7o(v/r + at the expense 
of an error dominated by 

C[2-'= + (22'=|v/f + er + l)-^]l[o,q(|v^ + ei). 

The L| norm of this error is < C2^^ . Then we make the change of variables 
^ = —1/7" + [I and use the uniform boundedness of the integral in /i in ()4.20j) . The 
bound follows. □ 



5. Linear estimates 



For any u G C(M : L^) let M(.,t) G C(M : L^) denote its partial Fourier 
transform with respect to the variable x. For G L^(R) let W(t)(\) G C(R : L^) 
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denote the solution of the free Benjamin-Ono evolution given by 

[l^(t)0]~(e,t)=e^*-(«)0(O, (5.1) 

where is defined in (13.111 . Assume ■?/' : M ^ [0, 1] is an even smooth function 
supported in the interval [—8/5,8/5] and equal to 1 in the interval [—5/4,5/4] 
and let <^ = ^ - ^" e S{R). 

Lemma 5.1. If a > and (f) G H"^ then 

\\m-iwm\\F^<cm\H^- 

Proof of Lemma \5 . 1\ A straightforward computation shows that 

■ {W{t)ct>m,T) = 0(Ot^(r -cu(O). (5.2) 
Then, directly from the definitions, 

ii^(t) ■ {wm\\% = E ^"'"'iMomvir-ujmii 

(5.3) 

k=l 

Since (p G iS(M), for any k > 1 

\\VkiCmMr-u;m\x,<C\\vk-^\\L^. 
For A; = 0, write rjo ■ (p = g + Xlfc'<i ^fc', h^' supported in Ik' and 

\\^i\9)\\li + Es^'II^'^'IU^ < 211^0 ■ M\bo- (5.4) 

k'<l 

Then 

I - ^(0) I Izo < I mMr) I \y, + 1 1^7(0 Mr - ^(0) - V^(r)] | |xo 

< C\\J^i\9)\\li + CMOeil + \r\n\xo < C\\J^i\9)\\li. 

Also, 

||/ifc,(Ov^(r-cu(0)||zo< l|/ifc'(e)v^(r-a;(0)||xo<C^2-'='||/ifc,||^.. 
Lemma 15.11 follows from ()5.4|) . □ 
Lemma 5.2. If a > and u e N" (1 C(M : R-"^) then 

^{t)- [ W{t- s){u{s))ds <C||u||^.. 



14 ALEXANDRU D. lONESCU AND CARLOS E. KENIG 

Proof of Lemma \5/A A straightforward computation shows that 







For A; G Z+ let f^i^^r') = T{u){^,T')r^u{OM^.r')-^ ■ For G let 

V9(r-^(0) 



(5.5) 



Aki^,T')dr'. (5.6) 



In view of the definitions, it suffices to prove that 

ll^lUfe-^Zfc < C uniformly in G Z+. (5.7) 

We consider first the case k > 1. To prove ()5.7p we use the representation 
(|4.1|) . Assume first that fk = fkj is a function supported in D^j. Let /*j(^, /i') = 
/,,,(e,/^' + a;(0)andT(AJ#(e,/i) = r(/,,,)(e,/i + cu(e)). Then, 



r(/.,)#(e,/i)= / /£(e,/i' 



(5.8) 



We use the elementary bound 



(/i' + O <C[(l + |/x|)~^ + (l + |/i-/i'|) 



/|\~4i 



Then, using ()5.8p . 



iw.,)#(e,/i)i <c7(i + i/i|)-^2^/^[ / i/*(e,/i')rrf/i' 



1/2 



+ C7r/[,-2,,+2](/x) / \fl{^,^i'm + \^l-Ar'd^^'. 

It follows from the definition of the spaces Xk that 

ll^llxfc-^Xfc < C uniformly in > 1, (5.9) 

as desired. 

Assume now that fk = Qk ^ ^k, so k > 100. In view of Lemma [4. II fb). (c), and 
()5.9p . we may assume that gk is supported in the set {(^, r') : \t' — uj{^)\ < 2^^^^°}. 
We write 

^ ) = 3 -77V— 9k[^^ r ) + -77V--9k{^^ r ). 



Using Lemma KKb), \\i{t' -uj{^) + i)-^gk{^,T')\\x^ < C\\gk\\Y^. In view of (jEHI), 



it suffices to prove that 

9k{i,T')^{r -T')dT' 



V'(7"-^(0) / 9ki^,r')dT' <C||^fc||y,. 



(5.10) 
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The bound for the second term in the left-hand side of follows from ()4.14|1 

with t = 0. To bound the first term we write 



t' - cj(0 + i ^ T -r' 



The first term in the left-hand side of (jS.lUp is dominated by 



r — t') dr' 



Jr 

^^{r-uJ{0){r-uJ{0+^r' [ gu{i,r')^{r ~ r'){r - r') dr' 

Jr 

Vj{r~u;{0) [ gki^,T'Mr-r')dr' 



Yk 



L2 



j>k-i 



L2 



(5.ii; 



\9k\\Yk 



For the first term in ()5.1H1 . we use Lemma f4. II (c) to bound it by 

as desired. Let g*{^, fx') = gki^, /i' + and for f e[0,k- 20] let g*j,{^, fx') = 

gf{^,fi')rij>{fi'). In view of Lemma l4. II (b) . 2^'/'^\\gkj'\\L^ < C\\gk\\Yk, so the second 
term in (j5.11|) is dominated by 

k k-20 

E 2-^/'2-^'/'[2^'/'\\gk,,M < C\\gk\\y,. 

j=0 j'=0 

The third term in ()5.1ip is dominated by 

oo fc-20 

^ E Y.^'''^''^'\ML^^C\\gk\\Y,. 

j=k-l j'=0 

This completes the proof of (j5.1(J|) . 

We consider now the case A; = 0. To prove (|5.7|) we use the representation 
dOI). Assume first that /o = fo] is a function supported in Dk'j, ||/o||zo ~ 
'^'II/o.IIIl^. For |,^| < 2 we have the elementary bound 



ifir - t') - ifir - uj{0) 

T + I 



r'-ujiO 
Then, using the formula ()5.6|) 

pk' 



<C[il + \T\)-^+{l + \r-r'\ 



1/2 



IWi;)(e,r)|<C(l + |r|)-^2^V2 / |/„^;;.(^,r')prfr' 

+ Cr^[,_4,-,4](r) / \f^'/^,r')\{l + \T~T'\)-UT'. 
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It follows from the definition of the spaces Xq that ||r| 



< C, as desired. 



(5.12) 



Assume now that /o = goj is supported in Jq x Ij. We can write 

9o,j{^,r') = 2-^r/[o,i](0%-i,i+i](r')/Ke-'^«/i(a;,r')rfa;; 
2mJ'-\go,j)\\LiL^,=C\\h\\LiLl,- 

We have two cases: j < 5 and j > Q. If j < 5 we write 

^'"'"''r^':,'"'^" = . /' ^-(r - «r' - (1 - da. 

t' - ^(0 Jo 

For ()5.7|) . it suffices to prove that 



g,^^{^,T')ip\T-aT'-{l-a)uj{0){T+t)dT' < C| |^-i(^?o,,) | U^L? (5.13) 

for any a G [0, 1]. For |,^| < 2 and |r'| < C we write 

(/}'(r - ar' - (1 - a)co'(^))(r + i) = (p'{T - aT'){T' + i) + r, r'), 

where 

|i?(e,r,r')|<Ce^(l + |r|)-^ 
The left-hand side of (j5.13|) is dominated by 



/ g,,{^,T')^'iT-aT'){T' + ^)dT' +C ^'(1 + kl)"^ / \9oA^,r')\ dr' 
Jr ^0 Ji- 



which is easily seen to be dominated by | |JF ^ (fi'oj) I Ilil^ (using the representation 
()5.12|) ). This completes the proof of ()5.7|) in the case j < 5. 
Assume now that j > 6. Since |r'| > C and |^| < 2 we can write 



ip{T~r')-ip{T-u{^)) , 

r +t] 



^(^^4^(r' + .) + i^'(e,r,r'), 



where 



|i?'(e, r, r')\ < Ceia + |r|)-^ + (1 + |r - r'r% 
Using the representation ()5.12p and the definitions, it follows as before that 

V9(r) 



{r'+i) dr' 



Yo 



+ 



\goA^,T')\-\R\^,T,T')\dT' 



is dominated by C2-'||jF ^((^ojOHlil^, which completes the proof of ()5.7p . □ 
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6. A SYMMETRIC ESTIMATE 

We start with a symmetric estimate for nonnegative functions. For ^i,.^2 G M 
and a; : R ^ M as in let 

6) = -^(6 + 6) + ^(^i) + ^(6). (6.1) 
For compactly supported functions f,g,h& L^(M x M) let 

J{f,9,h)= / f{^i,fii)g{^2,fi2)h{^i+^2,fJ'i+fJ'2+^{^i,^2))d^idC2dnid^2- (6.2) 

Given a triplet of real numbers (Q;i,a2,«3) let min (ai, 02, 0:3), max (cti, a2, cts), 
and med («!, a2, as) denote the minimum, the maximum, and the median (i.e. 
med («!, a2, as) = ai+a2+«3— max (ai, 0:2, ^3)— min (cti, 02, as)) of the numbers 
«!, a2, and as. 

Lemma 6.1. Assume ki,k2,k3 G Z, ji,j2;Js ^ '^'^^^ /fcjji ^ -C/^(M x M) are 
functions supported in Ik^ x Jj^, = 1,2,3. 
(^aj For any ki, k2, ks e Z and ji, 72, ja e 

3 

\Jifk.,nJk,,nJks,r.)\<C2^'''^'^''^^^^^^^^ (6.3) 

// max {ki, ^2, ^3) > min {ki, k2, k^) + 5 and i G {1, 2, 3} i/ien 

3 

l^(/.i.i, A..., ^3.3)1 < C2(^-^+^-^+^3)/22-0.+fc.)/2 J] ||/,^^^,||^,. (6.4) 

i=l 

(c) For any ki, k2, /cs G Z and 31,32,3?. ^ '^+, 

3 

l^(^..l,^...,^3.3)l < C2--(^-^-^3)/2+med0,,.,3)/4-Q (g_5) 



r 1 1/2 

Proof of Lemma\EI^ Let Aa;.(0 = /r l/fc,ji(^, /^)P c?/^ , i = 1,2,3. Using the 
Cauchy-Schwartz inequality and the support properties of the functions fki,j,, 

\J{fk,,n, /fc3,i3)l < C2--(^-^-^'^-«)/2 / Afe, (6) A,, (6)^,3(^1 + 6) d^,d^2 

3 

< (72™"^'^^''^^''^^-'''^2™°*--^^'-''^'-'^^'^^ JJ^ ll/fc- j IIl^ 

1=1 

(6.6) 

which is part (a). 

For part (b) we observe that 

1^(6,6)1 = 2min (leil, 161, 16 + 61) • med (|6|, |6|, 16 + 61)- (6.7) 
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Also, by examining the supports of the functions, J{fki,ji, fk2,32i fH,ri) = unless 

max (/ci, /c2, ks) < med (/ci, /c2, ks) + 2, (6.8) 

and 

I max (ji, j2, Ja) e [k - 5,k + 5] or 

[ max (ji, j2, Js) > A; + 5 and max (ji, j2, Js) - med (ji, j2, Js) < 5, 

where = min (fci, ^2, /cs) + med {ki, ^2, /cs). 

Simple changes of variables and the observation that the function uj is odd 
show that 

\Af,g,h)\ = \J{g,f,h)\ and \J{f,g,h)\ = \J{f,h,g)\, (6.10) 

where /(^,/i) = /(— ^, — A*)- Thus, by symmetry, in proving ()6.4|1 we may assume 
i = 3. Let 

Clearly, 

ll^fcallLZ = C||/fc3j3||L2 and is supported in x R. (6.11) 
Also, by the Cauchy-Schwartz inequality, 

I J ( /fcl Jl ; /fc2 ,J2 5 /fcs ,i3 ) I 

< C2(^-^+^-^)/2 /" A,,(ei)Afc,(6)5fe3(ei + 6,^^(ei,6))t^6^i6- ^^'^^^ 

We have three cases depending on the relative sizes of |^i|, |^2| and |^i + ^2!- Let 



i?i = {(6,6) 
^2 = {(ei,6) 
^3 = {(ei,6) 



1^1 + 61 < l^il and |6|<|6|}, 
1^1 + 61 < 161 and |ei|<|6|}, 
161 < 16 + 61 and 161 < 16 + 61}. 



For (6,6) e Ru using ^(6,6) = ±26(6+6)- We define ^^3(6/^) = 

Bk.j{^,2C, ■ /i), 1 1 -8^3 1 1 L2 ^ 2~^3/2||^^j|^2. The integral over Ri in the right-hand 
side of ()6.12|) is dominated by 

C I A,, {iMk. (6) [Bl, (6 + 6, 6) + 5fc3 (6 + 6, -6)] ^6^6 

JR? (6.13) 

< C2^'^"-/'^\\Ak^ I 1^2 I |y4fc2 I 1^2 I 15^3 I 1^2, 

which gives ()6.4p in this case (see (jHHIl))- 
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The bound for the integral over (6, 6) G R2 is identical. We consider now the 
integral over (6, 6) G -R3, in which case f2(^i,^2) = ±2^1,^2- By symmetry, to 
bound the right-hand side of ()6.12|) is suffices to bound 

/ Afc,(ei)A,,(6)5,3(6 + 6, 266) d^id^2. (6.14) 

We define BK^^i^) = Bk,{^, + e so \\B'IJ\l'^ = \\Bk,\\L2. Using 
and the assumption max (/ci, /c2, ^3) > min (fci, A;2, ^3) + 5, if 6 ^ hi, 6 ^ 
(6,6) e i?3, and 6 + 6 e 43, then 1^1 - 61 > 2'=3-ioo_ integral in (IFTTD is 
dominated by 

/ A,,(ei)Afc,(6)5^'3(6 + 6, -(6 - 6)V2) d^^d^2- (6.15) 

^{ISi-6l>2*3-ioo} 

Using the Cauchy-Schwartz inequality and a simple change of variables, the inte- 
gral in ()6.15|) is dominated by C2~'^^/^||AfcJ 1^2 HA^J 1^2 1^,2, which completes 
the proof of ()6.4|1 . 

For part (c), using part (a), we may assume 

med (ji, j2, Js) < 2min(fci, A;2,fc3)- (6.16) 

Using (!6.1()j). we may also assume ji = min (ji, j2, js) and j2 = med (ji, j2, Js)- 
Let 

^,2 = {(6,6):|6-6l>2^'^/n- 

For the integral over (^1, ,^2) G ^Rj^ = \ Rj^ we use a bound similar to (j6.6p : 



'Rj2 xl 



/fei,ii(6, yUi)/fc2j2(6, At2)/fe3,i3(6 + 6, /ii + Ai2 + 1^(6, 6)) d^id^2dfiidfi2 
< C2^^/' [ A,, (ei)^fc2 (6)^^3(6 + 6) d^id^2 



< C2^^/^ / / AkAi2 + /i)Afc,(6)Afc3(26 + ^A d^2dfi 

<C2^^/' [ ( [ |Afc,(6 + /i)n^fc,(6)l'c^6)'^'Pfc3lU^^/i 

< C2^i/22:;2/4p^j 1 ^ 
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which suffices for ()(j.5j) . For the integral over (,^1, ^2) ^ Rj2 'we use a bound similar 
to (jO^ 

/ /^i)/fe2,i2(6, /^2)/fc3j3(6 + 6, /ii + /i2 + ^^(6, 6)) d^id^2d^idfX2 

<C2^n+n)/2 f A,,{^,)Ak,{^2)B,,{^, + ^2,mu^2))d^^d^2. 

(6.17) 

We further decompose the integral in the right-hand side of ()6.17|) into three parts, 
corresponding to the regions Ri, R2, and R3. Using ()6.13|1 . the integrals over the 
regions Rj^ CiRi and Rj^ ni?2 are dominated by C2~'^3/^||ylfcJ|i2||y4fc2||L2|| 5^3 112,2, 
which suffices in view of the assumption (jfi.lfij) . For the integral over the region 
Rj2 n -R3, by symmetry it suffices to control 

/ A,, (6)^^(6)5,3(6 + 6, 266) d^,d^2. (6.18) 
jRj^nRs 

As in the estimate of the integral in ()6.14|) . the integral in ()6.18|) is dominated by 

/ Afc,(6)Afe, (6)5,3(6 + 6, -(6 - 6)V2) d^,d^2. 

The bound ()6.5p follows using the Cauchy-Schwartz inequality and a simple 
change of variables. □ 

We restate now Lemma f6. II in a form that is suitable for the bilinear estimates 
in the next sections. 

Corollary 6.2. Assume ki, ^2, ^3 ^ 2? Ji5 J2, J3 ^ ond /^.j. G L^(]R x R) are 
functions supported in Dk^j-, i = 1,2. 

(a) For any h, k2, e Z and ji, 72,^3 e Z+, 

2 

i=l 

(6.19) 

(b) //max {ki, k2, k^) > min {ki, k2, k^) + 5 and i G {1, 2, 3} then 

2 

(6.20) 
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(c) For any ki,k2,h G Z and ji,j2,j3 e Z+, 

2 

(6.21) 

("(ij In addition, lDk^,,^{^,r){fk,j, * /feaja)!^.^) = wn/ess 

max (/ei, k2, k^) < med (fci, k2, k^) + 2, (6.22) 

and 

max (ji, J2, is) e [fc - 8, + 8] or 

max (ji, j2, Js) >k + 8 and max (ji, j2, Ja) - med (ji, J2, Ja) < 10, 

where k = min (/ci, ^2, /ca) + med (/ci, ^2, /cs)- 
Proof of Corollarv \6.'A Clearly, 

||lD,3,,3(^,r)(/fc,j, * /fe,jj(^,r)||i2 = sup / / ■ U'k^ji * fk2,j2)d^dT 

11/11.2=1 -^D^^.n 



Let /fc3j3 = 1d,3_.3 ■ /, and then /*j^(^,/i) = fk^jX^, + uj{0), i = 1,2,3. The 
functions f*^^ are supported in 4^ x U|^|<3/j^+^, \\f^^j^\\L^ = ll/fc^jJU^, and, 
using simple changes of variables. 

Corollary 16 . 21 follows from Lemma f6. 11 ()6.8|) . and ()6.9|) . □ 

7. Bilinear estimates I 

In this section we prove two bilinear estimates, which correspond to Low x 
High — i> High interactions: 

Proposition 7.1. Assume k > 20, ^2 € [/c — 2, + 2], fk^ € Zk2, and fo G Zq. 
Then 

2'=||r^fc(0-(r-a;(0 + 0"Vte*/o||^^^ <C||/fc,|U,J|/o|Uo. (7.1) 

Proposition 7.2. Assume k > 20, k2 G [A; — 2, A; + 2], /^^ G Z^^, and f^^ G 
for any ki G [1, A; — 10] fl Z. T/ien 

fc-10 

2'\\vdO{r-u^iO + ^r'fk2*Y.f''Mz,^CU,\\z,, sup ||(/-9^)/,JU,,. 

(7.2) 
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The main ingredients in the proofs of Propositions 17.11 and 17.21 are the defini- 
tions, the representations (jUTj), (j4.2|) . and (j4.8p . Lemma Wl\ Lemma 1^721 fb). (c). 
Corollary 16.21 and the estimates in Lemma (7.31 below. 

Lemma 7.3. Assume that k > 20, ki G (-oo, k - 10] n Z, k2 e [k - 2, k + 2], 

j? ji) j2 ^ fkiji is an L"^ function supported in -D^iji, and fk2,j2 is an 
function supported in Df^^j^. Then, with 'jkM = (2^^^/^ + 2^'"'/^)^^, 

where, by definition, Pkiji = 2-^^/^ if ki < 0. In addition, _.{^,T)(fkj^j-^ * 
fk2,j2) = unless 

max{j,ji,j2) ^[k + ki-lO,k + ki + 10] or 

max (j, ji , J2) >k + ki + 10 and max (j, ji , ja) - med ( j, ji , ja) < 10. 

Remark: The bound ()7.3p holds for ki both positive and negative. However, 
when ki < 0, the right-hand side contains the large factor ""fkM- This factor 
is the main reason why interactions between "general" functions of very low 
frequency and derivatives of functions of high frequency cannot be estimated 
using our bilinear estimates. 

Proof of Lemma \ 7. The restriction ()7.4|) follows directly from ()6.23p . For ()7.3|) 
we use the bounds (I6.19|l . ()6.20|) . and ()6.2H1 in Corollary 16.21 The left-hand side 
of (|7.3|) is dominated by 

2''2-^/'/3kJ\lD,A^,r)ifk,,n*fk2,n)\\L-- 
For (|7.3p it suffices to prove that 

<C2^S,,,2(^-+^-^+^-^)/2/5,,,,,A2,,2/5.:jll/fc.,,Jk^ 

Let n = ||/fciji||L2||/fc2j2llL2. We have several cases: if j = max(j, ji, js) then, 
using (l?nn|) . the left-hand side of (USD is dominated by C'2-^/220i+i2)/2n; in 
addition Pk^,nPk2,j2pk,] > and 2^'^ > C-^{2^k+k^)l'^ + 1), using (Q, so the 
bound ()7.5|) follows in this case. 

If j2 = max (j, ji, ja) then, using ()6.20|) . the left-hand side of ()7.5|) is dominated 
by C2-'=/22(J+Ji)/2n; in addition j,/3fc2,j2/5fc"] > C*"^ and 2^^'^ > C'\2^''+''^y^ + 
1), using ()7.4|1 . so the bound ()7.5p follows in this case. 

If ji = max (j, ji, J2) > k + ki -20 and ki > then, using (jfT^ and (j^T^ . 
the left-hand side of ()7.5|) is dominated by 

(^2^-'^/^(2'^^/^ -|- 2™^^*--''''^''/^)^"^2''"'^"'^^''^^/^n- 
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in addition > C~^2^^-^\ Pk2,j2 > 1. and pkj < Cpk,n- Using (HH), 

'^^^f^k]i — C"^2'^+'^i, and the bound ()7.5|) follows. We notice also that the restric- 
tion ji = max (j, ji, j2) was not important. For later use, we restate the stronger 
estimate we obtain in this case: if fci > and ji > k + ki — 20 then 

< c{2''^/' + 2--(^'^-^)/^)-i . 2^^/'f3,,,,\\h,,,\\,. ■ 2^'l^h,,,\\h,,,U. 

If ii = max (j, ji, 72) > /c + /ci — 20 and ki < 1 then, using ()6.19|) . the left-hand 
side of (USD is dominated by C2^i/22(J+J2)/22-"i'^^0J2)/2n; in addition 2^^/'^pk^,n = 
> 1, and pkj < Cpk,n. Using (El, 2^i/5^-]^ > ^-1(2^+^^ + 1), and the 
bound ()7.5p follows since 

2fci + 2-^= > For later use, we restate the 

stronger estimate we obtain in this last case: if fci < 1 and ji > k + ki — 20 then 



(7.7) 

□ 



We prove now Proposition 17. II and 17.21 

Proof of Proposition 7. 1 We use the representations ()4.H1 and ()4.2|1 and analyze 



three cases. 

Case 1: /o = /o^^^ is supported in -0^^!, /fcj = /fc2j2 is supported in -Dfcjja, 
Ji,j2 > 0, < 1, li/olUo ^ 2^-'=^||/o^_J.J|i2, and ||/fc,|U,, ^ 2^V2^,,,,J|/fc,,,,|U2. 
The bound ()7.ip which we have to prove becomes 

2^1 |r/,(0 ■ (r - c.(0 + ir'fk,,n * /ol I < ^2^''"'' I l/o,ix I " 2^''^'/5te,.2 1 l/fe,,. I U^- 

(7.8) 

Let/ifc(^,T) = ?7fc(0(''"~'-^(0+0 ^(/fc2j2 */oji)(^5 ''")• The first observation is that 
for most choices of ji and j2, depending on k and fci, the function hk is supported 
in a bounded number of regions -Dfej, so ()7.3|) suffices to control 2^^! Ix^- In 
view of ()7.4p . the function /i^ is supported in a bounded number of regions -Dfcj-, 
and (j7.8|) follows from (j7.3p . unless 

|ji - (A; + A;i)| < 10 and j2 < k + ki + 10 or 
\j2 -ik + ki)\< 10 and ji < k + ki + 10 or (7.9) 
ji, J2 >k + ki-10 and |ji - J2I < 10. 

Assume (|7.9p holds. Using (j7.4p . l/)^.^. (^, r) ■ hk = unless j < max(ji, 72) + C. 
We have two cases: if ji > k + ki — 20, then, in view of ()7.9|) . 72 < ji + C and 
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the function hk is supported in |Jj<ji+c -^'^J- -^^ fl7.7j) . 

2'||/ifc|U, <C2^ J] 2^'/2^fcJ|r/,(r-cu(e))/ife(e,r)|U2 

j<ji+C 

i<h+c 

which suffices for fj7.8p . Assume now that ji < k + ki — 20, so, in view of ()7.9p . 
|j2 — + fci)| < 10 and the function hk is supported in ijj<fc+fci+c -^^^J- Then, 
using Lemma mU (b) and (c) (in fact the proof of part (b)), 

< C2(^-'=^)/2||/o^,J.JU. ■ 2('^+'=^)/2||/,,,J|^., 

which suffices for ()7.8|) since |j2 — {k + ki)\ < 10. For later use we notice that we 
proved the shghtly stronger estimate, with the factor 2~^^ in the right-hand side 
of (EH) replaced by 2"^!/^ 

(7.10) 

Case 2: /o = /q^^^-^ is supported in D^^j^, ji >0,ki< 1, /^^ = 5(^3 is supported 

in Ui2<fc2-i^fe2,i2, ll/olUo ~ 2^'i-'=i||/o^iJU2, and ||/fe|U,, ~ llgk^lW,^- The bound 
1)7.11) which we have to prove becomes 

2'\\vk{0 ■ iT-uJ{0 + ^r'9k, * /o'i-JI^^, < C2^^-'^\\jt:,ML^ ■ \\gk,\\Y,^. (7.11) 

As before, let hk{C., r) = ?/fc( 0(r- u;(0 + i)'^{gk2 * fojji^, t)- In view of Lemma 
I4.1l fb). (c), and the bound ()7.10|) . we may assume that g^^ is supported in the set 
{(6,^2) : 6 e h^, ^2-^(6)1 < 2^+^1-20}. We have two cases: if ji > A; + A;i-20 
then let 5'fc2,i2(6, ^2) = fi-fel^, ^2 )^i2(T" 2 -^(6))- Using norms, Lemma|lII](b), 
and ()7.7j) . the left-hand side of ()7.11|1 is dominated by 

C 2^2^V2^,J|r^,(Or/,(r-^(0)(r-^(0 + 0~'(/o,}.*^?fc2,.2)llL^ 

jj2<jl+C 

< C7fc,., ■ 2^-^||/o',J.JU2 Yl 2— • 2^V2^^^^^.^||^^^^^.^||^, 

i,i2<ii+c 

<C7Mi-2^'MI/ollU-lk.||y.,, 

which suffices to prove ()7.11|) in this case. Assume now that ji < k + ki — 20. 
In view of ()7.4|) . the function in the left-hand side of 1)7.111) is supported in the 
union of a bounded number of dyadic regions D^j, \j — {k + ki)\ < C. Then, 
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using Xk norms in the left-hand side of (jy.llj) and Lemma [4.21 (c), the left-hand 
side of (jT.llj) is dominated by 

which completes the proof of ()7.11|) . 

Case 3: /o = goj is supported in /qx/j^, ji > 0, ||/o|Uo ~ 2J'II-^"H5'oji)||lil2- 
The bound ()7.1|) which we have to prove becomes 

2'\\vkiO<r-ujiO+^r'fk,*9o,n\\z,<C2'''\\^'\9^^^^ (7.12) 
Using the representation ()5.12p . we see easily that 

ll^~'(^?o,.J||LiLr + \\^~\9o,n)\\LlLr < C2^'^'\\J'~\9o,n)\\LlL^- (7-13) 
Thus, using the definitions, Lemma HH] (b), (c), and Lemma (c). 

2''\\vk{0v<k+cir - a;(0)(r - ^(0 + O^Vfca * 9o,n \ \z, 
<C2^-/2||^-i(/,,*^o,,JILiL? 
<C2'/'\\J^-\UML^^^\\J'-\9o,n)\\LlL- 

< c2^^/'\\j^-\go,MLiLr llh^lK- 

Thus, for ()7.12j) . it suffices to prove that 

2' 5^ 2-^/'/3,,\\v,iOvAr'^iO)fk,*9o,n\\L^<C2^^^^ 

j>k+C 

(7.14) 

Using Lemma 14.21 (c) and ()7.13j) again, 

I (0 '^i (^ - ^ (0 ) /fc2 * £/0, ji I I ^2 < 1 1 ^ ( /fc2 ) 1 1 1 1 ^ (^0,ii ) 1 1 L2 L- 

<C2^-^/^ll^-i(^o.JIUiLr2-'=/'IIA.IU.2- 

We use this bound to control the sum over j < 2k + ji + C in ()7.14|) . For 
j > 2k + ji + C, 2-^/^/3k,j ^ 2-^ and, for fTT^ . it suffices to prove that 

W^kiOVjir - uj{0)fk2 * 9o,n\\L2 < C2^'\\^'\9o,n)\\Lm ' \\fk2\\z,^- 

j>2k+ji+C 

(7.15) 

By examining the supports of the functions, Tjk^CjTjjiT — oj{^))fk2 * 9o,ji = if 
/fc2 e Yfc2 and j > 2k + ji + C. So, in (|7.15|1. we may assume fk^ = fk2,j2 i 



IS 



supported in Dk2,j2i h > 2k + ji + C. The sum in j in ()7.15j) is taken over 
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\j — j2\ < C. Using Lemma lOl (c) and ()7.1Hj) . the left-hand side of ()7.15j) is 
dominated by 

This completes the proof of ()7.15|) and ()7.12p . □ 

For later use, we notice that a simplified version of our argument can be used 
to prove the following: if A; > 20, k2 G [k — 2,k + 2], fk^ G Zk^, and /o G Zq, then 

|hfc(0-(^-^(0 + 0'Vfe*/o||^^<C||/fc,|U,J|/o||^„. (7.16) 

To prove ()7.16p . we use Lemma HH] (b) to bound H/fcalUfej > C^^k^^Wf^^Wx,^^- 
Then, we write /o = Eji>o Efci<i /fcui, /fcui supported in Dk^j^ and ||/o||zo > 
X]j^>o Efci<i 2-'^2*^i/^| l/fc^jj 1^,2. In view of the definitions, for ()7.1(ij) it suffices to 
prove that if fk2,j2 is supported in -0^2 ,j2 then 

j 

Using we bound \\lD,Jk2,n * fkunh^ < C2^''^2^-'^\\fk,,n\W " \\fk^,n\W- 

So, it suffices to prove that 

i 

where the sum is taken over j satisfying ()7.4j) . This follows easily by examining 

the cases max(ji, J2) < + /ci — 20 and max(ji, J2) > + /ci — 20 (in the second 
case we estimate 2~^^'^(3k,j < C). 

Proof of Proposition |7.i4 The proof is similar to the proof of Proposition 17.11 
with an additional technical difficulty related to the sum in ki in the left-hand 
side of ()7.2|) . Our main tools are the bounds ()7.3|) (with 7^ ^ 2"^^^/^ if ki > 1) 
and ()7.6|) . For any ki G [l,k — 10] we decompose 

fki = ft+fk, = /fci ■ [l-%fc+fci-2o(^-t^(0)] + /fci ■%fe+fei-2o(i--^(0)- (7-17) 
We show first that 

2'=||r^,(0(r-^(0+^)"%*/£||^^ <C'2-'=^/1l/.JU,J|/£lU,,. (7.18) 

Assuming ()7.18p . we can use the factor 2-'''/^ to sum in ki and obtain 

fc-10 

2'=||r/,(e)(r-a;(0 + 0~Vfe.* <^ll^2lU,, sup ||/,JU,^. (7.19) 

^1 fcie[i,fc-io] 

To prove ()7.18p we use the representation ()4.ip and ()7.6|) . We may assume /^^ = 
/fcij, is supported in Dk,j„ ji > k + h - 20, \\fk^\\z^^ ^ 2^''^^Ai ji I l/fcui I U^. 
We have two cases: if fk^ = fk2,j2 is supported in Z)fc2,i2) h > 0, H/fcJIzfc, ~ 
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2"'^''^/5fc2,j2ll/fc2,i2ll-L2, then, using ()7.6|) and the definitions, the left-hand side of 
()7.18|) is dominated by 

j 

which gives ()7.18|) in this case. If f^.^ = gk2 is supported in IJj2<fc2-i -^''^a j2) 
ll/fc2lUfc2 ~ Il^fc2l|yfc2' ^^^"^ 9k2,j2{^2,T2) = gk2{^2,T2) rij^{T2 - uj{^2))- In view of 
Lemma im (h). (j7.4p . and (j7.6p . the left-hand side of (j7.18|) is dominated by 

C Yl 2'=2^-/2^,,,||r^fc(Or7,(r-^(0)(r-a;(0+^)-'(^7fc2,.2*/fcx,.JIlLa 
ij2<ji+c 

< C2^-^/2/3,„,J|/,„,JU2 5^ (2^=^/2 + 2--(^'^-^)/^)-i2^V2||^^^_.^||^, 

ij2<ji+c 

<C2-^i/4-2^-^/2/3,^,,J|/,,,,JU2.||^7fc,||y,^, 

which completes the proof of ()7.18|) . 

In view of fj7.19|) . for ()7.2j) it suffices to prove that 

2'=||r/,(0(r-a;(0 + ^)-Vfc2*E4llz. ^C'll/fcJU,, sup ||(/ - 9,^)4 |U., 

fcTTi feie[i,fc-io] 

(7.20) 

for any functions /^^ supported in Uji<A;+fei-i9 -^^iji- Using the representation 
(|4.H) . we analyze two cases. 

Case 1: fk^ = /^ja is supported in Dk2,j2, ll/fcalUfe^ ~ 2^'^^/5fc2,i2ll/fc2,j2lU2, 
j2 > 0. The bound ()7.20|) which we have to prove becomes 

fc-lO 

2l|r?.(0(r - ^(0 + 0~V.2,.2 * E A I Iz. 

ki=i (7.21) 

< C2^'/'Pk2j\fk2,n\\L^ sup ||(/-9^)4|U,^, 

fciG[l,fc-10] 

for any functions /^^ supported in [Jj^<fc_,_j!.^_]^g -Dfci ji- Notice that j2 is fixed in 
()7.21|) . We divide the set of indices ki into two sets: 

f Ak,j, = {h e[l,k-10]:\k + h-j2\< 15}; 
\ Bk,j2 = {ki e[l,k- 10] ■.\k + ki-j2\> 16}. 

The set A^j^ has at most 31 elements, so, for ()7.21|) it suffices to prove that 
2l|%(0(r - u^iO + ^r'fk2,n * fL\\z, < C^''^' Pk2,n\\fk2,n\\LA\{I " 

(7.22) 
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for kl G Ak jo, and 



(7.23) 

for kl e Bkj^. 

We prove first ()7.22|) . In view of the restriction on the support of fl^, the 
condition ki G Akj^, and ()7.4j) . the function rik{C,){T — co'(,^) + i)^^fk2,j2 * fii is 
supported in IJj<fc+fci+c -^'^j- ■'^'^ view of the definition of the space Zk, for ()7.22|) 
it suffices to prove that 

<C'2^-^/2A,,,,||/,,,,,||^HI(/-5')Allz,, 

and 

2^= J2 ^'^'^3k,\\r],{r-io{0)Vk{Oir-io{0 + ^r'fk2,n*fL 



(7.24) 



(7.25) 



<C2^V2^,,,J|/,,,.J|i.|l4lU,^- 

For ()7.24|) we use Lemma l^U fa). (c), and Lemma|l]21(b). Since |/c + fci— J2I < 10, 
the left-hand side of fl7.24|) is dominated by 

C2'=/2||^-^(/,,,, * 4)11^.^. < C2'=/2||-F-^(/.„,,)|U2||^-^(4)IU|Lj« 

<C2'=/2||/..,,.I|l-2'=^/2||(/-9,2)4|U,^, 

which completes the proof of ()7.24|) . For ()7.25|) . we notice that the sum in the 
left-hand side contains at most ki + C terms. In addition, using Lemma f4. II (h). 
WfU \z,^ > Ck^'Wfi^ I U,^ , and, using (Q, for any j e[k,k + ki + C] 

< C^2-'=^/'2^'^/X..IIK.J|l- llAlk,,- 

This completes the proof of ^TT^ and (17^ . 

We prove now the bound ()7.23p . The main observation is that the function 
^A:(0 ('^ ~ ^(0 + ^)~^ fk2,32 * fix is supported in a bounded number of regions D^j 
(assuming and ki fixed). This is due to the support property of the function 
/^^, the assumption \k + ki— > 16, and ()7.4|) . Thus, using ()7.3p . the left hand 
side of ()7.23p is dominated by 

Csup2^2^-/2^,,,| |r/,(r - a;(0)r7fc(0(r - ^(0 + * 4 1 

j 

<C2-'=^/'2^'^/X..IIA.,..IIl-||4IU,,, 

which suffices for ()7.23|) since H/feJIz^^ > C'^r^l I Uk^ (see Lemma HH] (b)). 
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Cas e 2: / fc, = gk, is supported in Uj2<fc2-2o ^fc2,i2, 1 1/^2 1 U^^ ~ ll^fcalkfca- The 
bound (|7.20|) which we have to prove becomes 

fc-10 

2'\\vk{0ir-uJ{0 + ^)-'9k,*Y.fL\\z,^C\\9kM, sup ||(/ - 9^)4|U,^ 

^1 fci6[l,fc-10] 

for any functions fl^ supported in |Jj^<fc+fci-i9 -^fciji- Using Lemma l^TTl fb) again, 
it suffices to prove that 

2'|hfc(0(r-^(0+^)-V.*4||^^ <^^2-'=^/'lk.l|y.Jl4lk,. (7.26) 

Using ()7.4j) and the support properties of and fl^, the function rik{^){T—uj{^) + 
i)~^gk2 * fki is supported in a bounded number of regions Dkj, \k + ki — j\ < C. 
Thus, for (j7.26|) it suffices to prove that if fkiji is supported in D^^ j^, ji < 
k + ki — 19 and \j — k — ki\ < C, then 

2^/^||l^,,^. ■ (g,, * fk,,n)\\L^ < C\\9k2\\n, " 2^'/'\\fk.,A\L^. (7.27) 

To prove ()7.27|) we may assume ^2 > 100. For j2 < ^2 let gk2,j2i^^'^) = 
%(''" ~ ^^(0)5'fc2('C) t). Notice that in view of ()6.20|) and Lemma I^D (b) 

2'/'\\1d,,^ ■ (g,,,, * /fc„,J||^2 < C2^'^'\\gk2,n\\L- ■ 2^-^/2| |/,„,J ^2 

for any J2 < ^2. To prove ()7.27|) we have to avoid the logarithmic divergence that 
appears when summing the bound above over j2 < ^2. In view of fl4.6|) . we may 
assume 

gk2i^,T) = 2'=^/2x[fe2-i,fc.+i](0(r - ^(0 + ^)-'v<k2ir - ujiOMr); ^^^^g) 

ll5'fc2lln-2 ^ '^II^IU?- 

We argue as in the proof of Lemma W?^ (b). Let h+ = h ■ l[o,oo), = h ■ l(_oo,o]5 
and define the corresponding functions 5'fc2,+ and gk2- as in ()7.29p . By symmetry, 
it suffices to prove the bound ()7.27p for the function gk2,+ , which is supported 
in the set {(^,r) : ^ G [-2^'2+2, -2^'2-2], r G [22^2-10^22^2+10]}^ ^iew of (jSIl), 
T — Lj{^) = r — ^2 on the support of gk2,+, and gk2,+ {^, t) = unless |^/t + ^| < C*- 
Let 

4,+ (e' ^) = 2'=^/^X[fc.-i,fc.+i](-v^)(r-e^ + (v^ + 0' + ^^/^2''T' ,^ 

Using Lemma mU (b), it is easy to see that ||5'fe2,+ "~ g'k2,+ \\^k2 — ^ll^+IU^- I^ 
view of ()7.28p . for ()7.27|) it suffices to prove that 

2'/'||4,+ *^..iIL2<C||/^+I|l-2^V2||j^^^^.j|^,. (7.31) 
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We substitute the formula ()7.H()|1 and make the change of variables ^2 = — v^+/^2- 
The left-hand side of (17. 3H) is dominated by 



/ fkuhi^+V^- f^2,r -r2) ■r]o{fi2) , ^ofc.+i " ^'+(^2) c?^2^r2 , 

7r2 /i2 + «/Z 2^ 

where h'^r^) = h+{r2)xik,-iM+i]i-V^2){2' / ^) is supported in [2^^2-4^ 22'=^ +4], 
||^+||l2 ~ ||^+||l2- By duality, for ()7.31|) it suffices to prove that for any m G 



fi2 + 

X m^^i - v^ + /i2,n + T2) d^2dr2diidTi < C\\m\\L2\\h'^\\L22^^''^\\fk^j^\\L2. 

Let m(^,r) = jj^ + /i2, r)?7o(/i2)(/i2 + V2^'^^)~^ c^/i2, II^^IU^ < C||m||i2. In 
the left-hand side of the expression above we make the change of variable Ti = 
AH + t^(^i), /*,ji(6,A^i) = /ii + It suffices to prove that 



/ fi u (^1' /^i)^+(^2) ■ "^(^1 - y/r^, jii + uj{ii) + T2) dT2diid[ii 



<C||m||^.||/^'JlL2-2^-^/2||/#^.^ 



(7.32) 



|L2. 



The integral in the left-hand side of ()7.32j) is over the set 

(ei,/ii,r2)G4, x4x[22'=-^22'^^+^]. 
Using the Cauchy-Schwartz inequality, for ()7.32p it suffices to prove that 

sup / \m{^i- ^/T^,f^l + u{^l) + T2)\'^dT2d^i <C\\m\\l2, 

MieM Jlf^_^ X [22'=2-4,22fe2+-l] 

which is easy to see by changing variables and recalling that ki < k2 — 8. This 
completes the proof of ()7.27p . □ 

8. Bilinear estimates II 

In this section we prove two bilinear estimates, which correspond to High x 
High Low interactions. 

Proposition 8.1. Assume k, ki,k2 G Z+ have the property that max {k, ki, k2) < 
min (/c, /ci, /C2) + 30, fk^ G Z^^, and fk^ G Z^^. Then 



2l|r/.(0-^fc(^,r)-Vfc.*/fe||. <C||/fcJU,J|/fe|U, 



Moreover, any spaces Zq in the right-hand side of (|8.ip can be replaced with Zq. 

Proposition 8.2. Assume k, ki, k2 G Z_|_, ki, k2 > k + 10, \ki — k2\ < 2, f^^ G Z^^, 
and G Zk2- Then 

||e-r/,(0-A,(e,r)-%*/fc.||^^, <C2-'=/1l/.J|z,J|/.J|z,,. (8.2) 
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The main ingredients in the proofs of Propositions 18.11 and 18.21 are the defini- 
tions, the representations (j4.H) and (j4.2p . Lemma f4.H and Corollary 16.21 

Proof of Proposition \8.1l We analyze two cases. 

Case 1: mm{k, ki, > 200. In this case we prove the (stronger) bound 
()8.H) with the space Zj. replaced by in the left-hand side. We show first that 
if ji, j2 > 0, /fciji is an function supported in -Dfcui, and fk2,j2 is an function 
supported in -0^2 j2 5 then 

2'J2^^/'/3kJ\VkiOVjir - ujiO)ir - ^(0 + ^)-\fk,,n * fk.,n)\\L^ 

j (8.3) 

where 

. r2— (^-I'^-^V^ if max(ji,j2)<2fc-80; 

^ if max(ji, J2) >2k- 80. ^ ^ ^ 

To prove (j8.3|) . we notice that, in view of (j6.23|) . Tjk{i)Tjj{T — uj{^)){t — ui{^) + 
'>')~\fki,ji * fk2,j2) = unless 



.5) 



max (j, ji, J2) e [2A; - 70, 2k + 70] or 

max (j, ji, j2) > 2A; + 70 and max {j, 31,32) - med (j, ji, j2) < 10. 
We notice that for 3,31,32 as in ()8.5|1 . < CPki,jiPk2,j2- Also, using (jHHH), 

- - ^(0 + i)~\fki,n * fk2j2)\\L^ 

Thus, for ()8.3|1 . it suffices to prove that 

2fc ^ 2-°>^"(J'^i'^2)/22-'^<^d(j,iij2)/4 ^ c-f{3i,32, k), (8.6) 
i 

where the sum in (I8.6|l is taken over j satisfying ()8.5|1 . If max(ji, ^2) < 2fc — 80 
then j G [2/c — 70, 2A; + 70] and the bound (j8.6p follows easily from the definition 
()8.4j) . If ji = max(ji, 72) > 2/c — 80 then the sum in ()8.6j) is taken over j < ji + C 
and is dominated by 

C2'' 2"^'i/^2"™^^(^'^2)/^ < (:7(j2 + 1)2~^2/^, 

i<ii+c 

which suffices. The case j2 = max(ji, j2) > 2A; — 80 is identical. This completes 
the proof of (Q- 

We turn to the proof of (jHIH)- We use the representation 1)4.11) . If fk^ = 
fki,ji G ^fci and /fc2 = fk2,j2 ^ ^fc2 then ()8.1|) follows directly from ()8.3|1 and 
the definitions. Assume now that fk^ = gt^ G Ffc^, fk2 = fl'fca ^ ^fc2> ll/feJUfei ~ 
I l^fei 1 ) and \\fk2 \\z,^ ~ I \9k2 \\y,^ ■ For ji e [0, /ci] and j2 G [0, A;2] let gk,,j, (^, r) = 
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Vji{^~^{0)9ki{^,'r) and^fc2j2(^,r) = r/i2(r-^(0)^fc2(^> We use (jHISl), Lemma 
(j4.H) (b), and the definition (j8.4j) in the case max(ji, ^2) < 2/c — 80 to write 

2''|hfc(0 ■ ir-u{^) + i)~^gk,*gk2\\x^ 

<C Yl '^'IhiO ■ (r - u{0 + ^r'9k„n * 9k„n \ \x, 

ji,j2<k+30 

ii,i2<fc+30 
< C'llS'fcillyfcJIfi'fcallyfcj, 

as desired. 

Finally, assume fk, = fk^,h ^ ^fci' /fe = 9k2 e Vfc^, H/fcJU.^ ^ ll^tellnj) 
and ll/feJUfe^ ~ 2-'i/2/5^,jJ|/fc^jJ|i2, and write = Y!Z=o9k2j2 as before. If 
ji < 2A; — 80 then we can use the same computation as before. If ji > 2fc — 80 
then we use (|8.3|) . Lemma (|4.ip (b), and the definition (j8.4p to write 

2l|%(0-(^-^(0 + ^)~Vfe„,.*^?A." 



■ {r - uj{i) + i)-^ fk,,j,* gk2,n\\x. 



j2<k2 



i2<fc2 

<C2^^'^f3k,,n\\fk.,n\\LA\9k2\\Y,^. 

as desired. This completes the proof of ()8.1|) in the case min (fc, fci, ^2) > 200. 

Case 2: min (A;, /ci, ^2) < 200. In view of the hypothesis, max (fc, /ci, A;2) < 230. 
If A;i = or A;2 = we may replace the spaces Zq in the right-hand of (j8.ip 
with the larger spaces Zq, see the definition ()3.8p . Clearly, the proofs are iden- 
tical to the proofs in the corresponding cases fci = 1 or /c2 = 1- Therefore 
we may assume ^1,^2 > 1- In view of Lemma l4.ll (b) and the representation 
(jHH), we may assume fk^ = fkuh is supported in -Dfciji, /fca = /fe2,j2 is sup- 
ported in Dk^,j2, ll/fcilUfe^ ~ 2J''^^/5fci,iill/fcijillL2 ~ 2^'i||/fc^jJ|i2, and H/felU.^ ~ 
'^^^^^Pk2,j2\\fk2j2\\L'^ ~ 2-^2 1 IJ^^ 1^2. Using the definitions and the fact that k < 
230, for (j8.ip it suffices to prove that 

'2^||-^"^[^?j(l-)^fc(0(^ + ^)~Vfcl,il * /fc2,i2]| LlL2 

(8.7) 

<C2^-^||/,,,,JU2.2^-^||/,,,,|U2. 

By examining the supports of the functions, we may assume that the sum in ()8.7|) 
is taken over 

j<max(ji,j2)+C. (8.8) 



j 
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Assume ji = max(ji, (the case j2 = max(ji,j2) is identical). The left-hand 
side of (j8.7j) is dominated by 

j<ji+C 

which completes the proof of (j8.7|) . □ 

For later use we rewrite the stronger bound we proved in this last case: if 
k, ki, k2 G Z+ have the property that max (fc, ki, /C2) < min {k, ki, /C2) + 30 < 230, 
/fc, G Zk^, and fk^ G Z^^, then 

where Zk = k > 1 and Zk = Zq ii k = 0. 

Proof of Proposition \8.'d We analyze two cases. 

Case 1: A; > 1. We show first that if ji,j2 > 0, fki,ji is an function 
supported in Dk^^^, and fk2,32 is an function supported in -Dfc2,j2 5 then 
2^- E2^-/2^^^^.||^^(^)^^.(^ _ ^(^))(^ _ ^(^) + ^)-i(/,,,,, * fk2,2)\W 

i (8.10) 
< Cy (Ji, J2, k)2^^'^(3k,,, \\fk,,n Wl^ ■ '^'''^(^k2,n I 

where 

7'(ji, J2, fc) = (2^/' + 2"^"^(^'i'J'2)/4)^^ (8.11) 
To prove (|8.10p . we notice that, in view of (|6.23|) . %(0^i('^ ~ ^(0)('^ ~" ^(0 + 
0"H/fciJi * /fc2,i2) = unless 

max (j, ji, J2) G [/c + fci - 10, /c + fci + 10] or 

max (j, ji, ^2) > /c + /ci + 10 and max (j, ji, ^2) - nied (j, ji, ^2) < 10. 

(8.12) 

Also, combining ()6.20|) and ()6.2ip . 

Umir - - ^(0 + ^r\fk.,n * A^.^)!!^^ < C2-^2(^+^^^^^^/' 

X 1^2*^-'^^^/^ + 2*^™'*'^*^.'^'-'^^+'^^)/^ + 2"'^^^^'^'^'^^'^^'^2"'^'^^^'^'^'^^^^^]~^\\fk-i^ j-i^\\L^\\fk2 j2\\L^- 
Thus, for ()8.10p . it suffices to prove that 

2^ jp''''''''^^''^ + 2*-™'^^*--^^'-^^-'''''^^^''^-|-2™'^^'--''-'^'.^^^''^2™*''^''-'^^^^ 

i ' (8.13) 

< C'7'(jl,j2,fc)/?fcl,ji/?fc2,J2, 

where the sum in (j8.13|) is taken over j satisfying (|8.12p . If max(ji, ^2) < k+ki—20 
then j e [k + ki- 10, A; + A;i + 10]; we ignore the term 2('^^^(Ji J2)+'^i)/2 and the 
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bound ()8.1H|1 follows easily from the definitions. If ji = max(ji, > k + ki — 20 
then the sum in (|8.13|) is taken over j < ji + C. The left-hand side of (j8.13|) is 
dominated by 

C2' J2 /5,,,2-(--(^-^'^-^)+'=^)/2 < C2-'=^/2 < C7'(ji, J2, k)Pk,,n- 

j<ji+C 

The case j2 = max(ji, ^2) > k + ki — 20 is identical, which completes the proof 
of (jHini). 

We turn to the proof of ()8.2|) . We use the representation (jHH). If /^^ = 
/fciji £ ^ki and = fk2,j2 ^ -^k2 then ()8.2|) follows directly from ()8.10|) and 
the definitions. Assume now that fk, = gki e Y^^, fk^ = gk^ ^ ^k^, ll/fcillz,-^ ~ 
ll^fcill^i^ and ll/fcallzfe^ ~ llgkiWr,^- Forji e [0, fci] andj2 e [0,^2] let 9k^ h{i^ r) = 
r)j,{r -uj{^))gk,{tT) and gk2j2{^,r) = Vj2{'r - ^{0)9k2{^,r). We use (|8.10|) and 
Lemma ()4.ip (b) to write 

iij2<fci+io 

<C Yl 7(J1,J2, A;)2^-^/2||^,^,,.JU22^-^/2||(7,,,,,|U2 
ii j2<fei+io 

as desired. Finally, if fk, = fk^,n ^ fk2 = 9k2 e Yk2, \\fk2\\z^^ ~ ll^fcallnj, 

and ll/fcJUfc^ «i 2^"'^/5fci,iill/fcijillL2, we write gk2 = Ei2=o5'fc2,i2 as before and 
repeat the same estimate, without the sum in ji. This completes the proof of 
dOI) in the case k > 1. 

Case 2: k = 0. We show first that if ji, 72 > 0, fki,ji is an function 
supported in Dk^^j^, and fk2,j2 is an function supported in -0^2,^2 5 then 

1 00 

d2)\\L2 

k'=-oo j=o 

< C2— (^■^'^■^)/^ ■ 2^-^/2/5,^,,J|/fe,,,-J|i2 ■ 2^V2^^^_^.j|j^^_.j|^,. 

To prove ()8.14|) . we notice that, in view of ()6.23|) . Xk'iOVji^) ■ ^(^ + * 
/fc2,i2) = unless 

f max (j, ji, J2) e [/c' + fci - 10, k' + ki + 10] or 

\ max (j, ji, ^2) > /c' + /ci + 10 and max (j, ji, j2) - med (j, ^1,^2) < 10. 

(8.15) 



GLOBAL WELL-POSEDNESS OF THE BENJAMIN-ONO EQUATION 35 

Also, using (jnini), 

Thus, for ()8.14p . it suffices to prove that 

1 

^2'='/2 < (:72"'''^(^■l'^■2)/^ (8.16) 

fc'=— oo j 

where the sum in (I8.16p is taken over j satisfying (j8.15p . If max(ji , J2) ^ k' + ki — 
20 then J e [k' + ki-10, k' + ki + 10], so (IHTT)|l is clear. If max(ji, J2) > k'+ki-20, 
then the sum in ()8.16p is taken over j < max(ji, + C, and ()8.16|) follows easily. 

Given fj8.14|) . the bound ()8.2|) follows as in the case k > 1, using the definition 
of the space Xq. This completes the proof of Proposition 18.21 □ 

For later use, we notice that the bound ()8.14|) also shows that 

WvoiO ■ (r + tr'h, * /,,||^^ < C\\h,\\z,J\h,\\z,^. (8.17) 

9. Multiplication by smooth bounded functions 

In this section we consider operators on given by convolutions with Fourier 
transforms of certain smooth bounded functions. For integers > 100 we define 
the space of admissible factors 

= {m:R^ ^C:mis supported in M x [-2, 2] and 

TV N N /g 

(T1=0 (71=0 0-2 = 1 

The precise value of is not important (in fact, we will always take A^ = 100 
or N = 110). Notice that bounded functions such as il){t)e^'^^° , g G M, ?7o as in 
()2.9p . are in S'^ . We also define the space of restricted admissible factors 

Sj^ = {m ^ C : m is supported in M x [—2, 2] and 

N N /g 



m 02 



(Tl=0 (T2=0 

Using Sobolev imbedding theorem, it is easy to verify the following properties: 

' q2 r- ceo 

ceo coo (— coo 

C2 coo r- C2 . W-'^J 
/9 Qoo c2 
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For k G Z+ we define 

= {/, G Zfc is supported in {r - G |J 7,}}. (9.4) 

j>k~20 

Clearly, Z^'^^ = Zk ii k < 20. For A; G Z+ and e G {-1,0} let A^(^,r) = 



Lemma 9.1. Assume ki,k2 G Z+, \ki — k2\ < 10, and f^^^^^ G Z]^'^^^. Then, ft 
m G S^Q and e G {-1, 0}, 



or 



(9.5) 

Remark: It is easy to see that a sharp bound like ()9.5|1 cannot hold for func- 
tions /fcj of low modulation. Fortunately, we do not need to consider convolutions 
of low-modulation functions and Fourier transforms of admissible factors, in view 
of the identity (ll().i;-il) . 

Proof of Lemma \y.l\ We may assume HmHsoo = 1. For any j" G Z+ and k" G Z 
let 

mfc" J" = J""^ [rijn {T)xk" iO^i^)] > (9-6) 
and m<k/' j" = Ylik"'<k"^k"',j"- Using ()9.1|) and the Sobolev imbedding theorem 

||9f^9^2m|L_ < C for any (Xi G Z n [0,90], (Xa G Z n [1,90]. 

Thus, for any j" G Z+ and k" G Z, 

I |''^<fc".j" I |l°° ^ C*2 ; 

2'="||mfc.y,||iLr + < C(l + 2-'=")-802-80i", (9-'^) 

We turn now to the proof of ()9.5|1 . Assume first that A;i,/i;2 > 1- In view 
of the definition of Z^^^''^ and Lemma 14.11 (b), we may assume that f]^^^"^ = 
is an function supported in D^^j^, ji > ki - 20, 1 1^^,/^^ ""I [z^^ ~ 
2^^^2^^/^/3k,,j,\\fk^,n\\L2- We write 

oo oo oo 

m = ^ m<_ioo,j" + X] X] rnk"j". (9.8) 

j"=0 k"=-99 j"=0 

For ()9.5|) it suffices to prove that for e G {—1, 0} 

||??fc2(6)^'(6,T-2) ■ [/fciji *.^("^<~100,j")](6,T-2) 

j">0 

+ E Ell^'^^(^2)A^(6,r2)-[/fc,,,*.F(m,»,.)](6,r2)||^^^ (9-9) 

fc">-99i">0 

<C2^^-^-2^V2^,,,J|/,,,J|^.. 
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To bound the first sum in ()9.9j) we make the changes of variables T2 = ^2+^(^2), 
Ti = A^i + ^{^1), and write 

/fciji * -^("i<-100J")(6>/^2 + ^{^2)) 

By examining the supports of the functions and using the fact that \uj{^2) — 
c^ki)! < 2^1-5° if 16 - 61 < 2-9^ together with ji > h - 20, we see that 
r]j^{T2 -a;(6)) ■ [/fciji * ^("^<-iooj")](6, ^-2) = unless 

|ji-j2|<C orji,j2</ + C. (9.10) 

We use the X^^ norm to bound the first sum in (|9.9|) . Using Plancherel theorem 
and (jnZZD, 

*-^("^<-iooj")|L2 < C2~^^^"\\fk,,j,\\L2. 
Thus, the norm of the first sum in ()9.9j) is dominated by 

c5:$:2-2-/X.22-«°^-"||/...J|l., 

j">oi2>o 

where the sum is over j2,j" satisfying ()9.10p . The bound ()9.9|) for the first sum 
follows easily (recall that \ki — k2\ < 10). 

To bound the second sum in ()9.9|) assume first that e = 0. We notice that if 
16-61 e [2'="-i,2'="+i] then |u;(6) -a;(6) I < C2'=^+'=", so r^,,(r2 -c.(6)) * 
-^('^fc",j")](6) T2) = unless 

I Ji - J2 1 < 4 or ji , j2 <ki + k" + 3" + C and (9.11) 

Using Plancherel theorem and ()9.7|) . 

*-^(^fc",.")|L2 < C2-«°'="2-«°^'"||/,„,J|i2. (9.12) 

C2.T2 

The bound (j9.9p for the second sum follows by using the X^^ norm since 

j2<h+k"+j"+C 

We bound now the second sum in ()9.9|) when e = — 1. The main difficulty is 
the presence of the indices j2 ji. In fact, for indices j2 > ji — 10, the argument 
above applies since the left-hand side is multiplied by 2"^"^ and the right-hand 
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side is multiplied by 2^^^. In view of fUj.llj) . it suffices to prove that 

i2<ji-io 

k"+j">ji-ki~C j2>k2 

(9.13) 

Using Lemma l4.ll (c) and ()9.7|) . the ffist sum in the left-hand side of ()9.13|) is 
dominated by 

k"+j">ji~ki-C 

which clearly suffices. Using fl9.12|) . the second sum in the left-hand side of ()9.13p 
is dominated by 

C^2-^°(^-^'^)||/,,,JU2- sup 2-^-/'f3k,j,<C2~^'/'\\h,,A\L^, 

j2&lk2,jl] 

which completes the proof of ()9.13|1 . 

We prove now the bound (j9.5|) in the case ki = k2 = 0. We use the representa- 
tion (j4.2p . Assume ffist that Jq^^^ = Qqj^ is an function supported in Iq x Jj-^, 
ll^o/o'^'lUo ^ 2^^^2^^\\J^'\g,,J\\^^^2. We write 

00 00 00 

m = "^<4,j" + rnk"j". (9.14) 

j"=0 k"=5 j"=0 

and notice that r7o(^2)(5'oji * •^("^fc",j"))(^2 5 ^2) = if k" > 5. For (j9.5p . using 
only the Yq norm, it suffices to prove that for e G { — 1, 0} 

00 00 

^ ^2^^-^2^-^||^-i[r/,,(r2)(^7o,,. *^(m<4yO)(6,r2)]|L.^2 

j"=oj2=o " ' (9.15) 

<Cr^^2^^\\J^-\go,J\kiLl 

By examining the supports of the functions, Vj2i'^2){go,ji * -^("^<4j"))(^2, T2) = 
unless 

\j2-3i\<C or n,j2<3" + C. (9.16) 

In addition, 

||-^"M^i2(^2)(^0,ii *^("^<4,j"))(6,1-2)]||ii^2 < <^ll-^"^(^0Ji)||LiL2||"^<4,i"||L-r 

The bound (FnH|) follows from and ^U^ . 
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Assume now that /q'^*^ = /qj^ is a smooth function supported in Dk'j^, k' < 1, 
~ 2^'i2^'i-'='||/o^;.jiz.2. We decompose 

oo oo oo 

m = ^m<k'-io,j" + ^ ^mk"j". (9.17) 

j"=0 k"=k'-9 j"=0 

We observe that /g^^ * J-'{m<k'-w,j") is supported in the set {(^2,^2) : |^2| G 
[2''-',2'='+2]}. In addition, Vni^2)if^j, * Hm<k'-3rM2,T2) = unless 
holds. The same argument as before, using Plancherel theorem and the bound 
()9.7|) . shows that 

00 

I ho(6)^o(6, r2) [/oS * Yl H^<k'-io,f')] (6, T2)\\^^ < CT^^2^^-''\\f,';j,.. 

j"=o 

To handle the part corresponding to the second sum in the right-hand side of 
()9.17|1 . we use the space Yq. It suffices to prove that 



k"=k'-9 j"=0j2=0 



{9.U 



As before, we may assume that j2 satisfies the restriction ()9.16j) and estimate 

^ \c2-''^''2-'''\\fl^\\,. 



using Plancherel theorem and ()9.7p . The bound ()9.18|) follows. 

We prove now the bound (|9.5|) in the case k2 = and ki G [1,10]. As be- 
fore, we may assume /^^^^ = fki,ji is an function supported in -D^j j^, ji > 0, 

Uljil^'^Wz,^ ~ 2^^-2^-/^Pk^,n\\fk^,j\\L- ~ 2^'^2^^\\fk„,\\L^. We use the decompo- 
sition ()9.17|) in the case k' = 1. The proof of the bound ()9.5|) is then identical to 
the proof in the case considered before ki = 0, Jq^^^ = fo'j-^, k' = 1. 
Finally, in the case ki = 0, A;2 £ [1, 10], we have the stronger bound 



^..(6)^Lfe,r2mm.^-i(/^^^^)](6,r2) < CUlfT^'^W^^, (9.19) 

where Zq is defined in fl3.8p . The proof of this bound is identical to the proof of 
()9.5p in the case considered before fci = 1, A;2 > 1. □ 



(■high I 
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In some estimates the delicate structure of the spaces Zk is not necessary. For 
a G [-20, 20] and A; > 1 we define 

Ek,a ={f & '■ f supported in 1^ x M and 

ll/IU,,^ := 2"'^f;2^||r^,(r)/(e,r) ||^.^ < oo}. ^^'^^^ 

j=0 

For k = 0, for simphcity of notation we define i?o,o = Zq. We notice that 

Ek,4 C Zk C Ek,-4 for any k e Z+. (9.21) 

Lemma 9.2. (a) Assume ki G Z_|_, k2 G [1,cxd) fl Z, and Ii C J^^, C I^,^ are 
intervals. Then, form G S^q, a G [—20,20], e G { — 1,0}, and /^^ G -Efci,a 



l/,(6)(r2 + *)^-.F[m-.F-i(l,,(ei)/.,: 



< C[l + /2)]-'°| |m| • I |(ri + 07.. I U.,,., 



(9.22) 



where d{Ii, I2) denotes the distance between the sets Ii and l2- 

(h) Assume ki G Z+. Then, for m G 5*^0' ^ ^ [~20,20], e G {—1,0}, anc? 



ryo(6)(r2+0^-^[m-.F-i(/,J] < C72-5°'=^||m||55^^-||(ri+^)7.JU,,,.. (9.23) 

Proof of Lemma \9.^ We may assume ||m||5cg^ = 1 and argue as in the proof of 
Lemma f9.1[ We may assume fk^ = fki,ji is an function supported in 1^^ x Ij-^, 
Win +iYfkA\E,^^^ > C-^2"^'i2^^i2Ji||/fc,jJ|i2. With the notation in Lemma UTTl 
we write 

00 00 00 

m = ^<oj" + fnk",j"- 

j"=0 k"=l j"=0 

For ()9.22|) it suffices to prove that 



(9.24) 



J2 2^^-^2^-^||r^,,(r2)l/,(6)-[(l/.(6)/fc„,J*^(m<o,,'0]| 



L2 



i2,i">o 



+ 2"'^E E 2^^-^2^-^||r^,,(r2)l,,(6)-[(l/.(6)/fc.,,J*-^(r«.''y')]|L. (9-25) 
fc">i i2j">o 

<C[l + rf(Ji,/2)]-'V^'^2^^'^2^'^||/fc,,,JU2. 

By examining the supports of the functions we see that the first sum in the 
left-hand side of ()9.25|) is nontrivial only if (i(Ji, J2) < C (so \ki — k2\ <C). In 
addition, ??j2(^2)l/2(6) ■ [(l/i(6)/fei,ii) * ^("^<o,j")] = unless 

bi-j2| <C orji,j2</' + a (9.26) 
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Using Plancherel theorem and ()9.7|1 . 

*^(m<o,,")||^. < C2-80^-"||/fc,,,JU2. 

The bound ()9.25j) for the first sum follows easily. For the second sum, we may 
assume that 2^" > C-^d{h,l2) (so 2'=" > and that the restriction 

(j9.26p still holds. Using Plancherel theorem and (j9.7|) . 

\\{^hi^i)fkun)*nmk",")\\L^ < C2-«°^"2-«°^-"||/,,,J|^.. 

The bound (|9.25|) for the second sum follows easily. This completes the proof of 
part (a). 

For part (b), we may assume ki > 10 (in view of Lemma and fk^ = fkiji 
is as before. We decompose m as in ()9.24j) . For ()9.23p it suffices to prove that 

\k"-ki\<2j2,j">o " * (9.27) 

We may also assume that the restriction ()9.26p holds. Using Plancherel theorem 
and (FTTjl . 

||-^"M^i2(^2)r?o(6) ■ (/fciji *-^("^fc",j"))]|Lii2 < C\\mk"j"\\LiL^\\J^~\fki,n)\\L^ 

' <C2-«°^"2-«°^-"||/,,,JU2. 

The bound (j9.27j) follows easily. This completes the proof of part (b). □ 

We state now a slightly stronger form of Lemma 19.11 that will be used in the 
next section. 

Corollary 9.3. (a) Ifkuk2 G Z+, e G {-1,0}, /^^f^ G and m e S'^^ then 

\rikAi2)Al^{i2,r,).:F[m.:F-\fff')] 

_ (9.28) 
(h) If k2 G Z+, e G {—1,0}, /o G Zq, and m' G Sf^Q then 

1^^(6)^1,(6, r2)-^[m'-^-i(/o)] 

Proof of Corollarv \9.!A Part (a) follows from Lemma I^TTl Lemma 113 and ()9.2ip . 
For part (b), we notice that ||'7i<^„j„||L2i^ < C2~^^^ for any k" G Z, j" G Z+. 
The bound ()9.29|1 then follows from the proof of ()9.15j) . the bound ()9.19j) . and 
the proof of Lemma f9. 21 (a) with ki = 1. □ 



< C2 



-30|fci-fc2|| 



I Ae f high I 



< C2-'^>'^\\m'\yj\Alfo\k^,. (9.29) 
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10. Proof of Theorem 11.11 

In this section we complete the proof of Theorem ll.il The main ingredients are 
Lemma l^?n Lemma I^^Tl Lemma Proposition l7.11 Proposition l7.2l Proposition 
18.11 Proposition 18.21 Lemma 19.21 and Corollary 19.31 We start by showing that 
the datum e^*^"''''°'*P-thigh0 of the initial value problems ()2.10|) and ()2.12|) are in 
H'', a>0. 

Lemma 10.1. Assume f/ : R ^ M satisfies the bounds 

\\d:'U\\L2 < 1 for any as G [1, 110] n Z. (10.1) 
Then, for any a G [0, 20] and G H'' , 

||e^*^P±high0lb. <C||0||^,.. (10.2) 

Proof of Lemma \lU.l\ To fix the notation, assume that the sign in the left-hand 
side of ()10.2p is +. So we may assume that is supported in the interval [2^°, oo). 
For any k" G Z let 

V^fc"=^r'[x."(0-^i[e^^^'^]], (10.3) 
and V<k" = ^fc;/;<fc// Vk'". Using (jlO.H) and the Sobolev imbedding theorem, 

||^<o||l- < C and ||Vfc"||L2 + ||Vfc"||Loo < 02'^^''" for any k" > 1. (10.4) 

We turn now to the proof of p0.2|) . For any ki > 10 let (pki = Pki'P- In view 
of the definitions, it suffices to prove that 

m.^e^'^MU < C2-4°I'=-'=^I||0,J|l2 if k2 > 1; 
||Po(e*^0fcJ||Li <C2-4°'=^||0,J|,... ^ • ^ 

For the first bound in (ITn3|l . if -fca] < 10, then \\Pk^{e'^(j)ki)\\L^ < C||0fcJ|L2 
as desired. If \ki — k2\ > 10 then 

||Pfe(e*%J||L2 < Yl \\Pk,{Vk"<PkML^ < C Yl \\Vk"\\L^\\<PkA\L^, 

k">\ki-k2\-C k">\ki-k2\-C 

which suffices in view of ()10.4j) . For the second bound in ()10.5j) . since ki > 10, 
||i'o(e*%JIUi < Y \\Po{Vk"<pkJ\\L^ < C Yl \\Vk"\\L'AML^. 

\k"~ki\<2 |A:"-A:i|<2 

which suffices in view of ()10.4j) . □ 

We prove now our main bilinear estimate for functions in F'^. 
Proposition 10.2. If m e S^q, m' G S^^q, o G [0,20], and u,v e then 
\\d^{m ■ uv)\\n- + \\m' ■ {uv)\\n- 

< C(||m||5oc^ + ||m'||52^J(||M||ir<T||t;||p.o + llMll^ollwllira). 
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Proof of Proposition We show first that 

||f^x(wt')||Ar'r < C(| 1^1 liT'.rl |w| 1^0 + I |m| |iro| |t>| liT'cr). (10.7) 

For e Z+ let Fk{^,T) = VkiOH^M^r) and Gk{^,T) = VkiOH^M^r). Then 



j:z=o'^"''''\\ii-d'r)G. 



and 



ki ,fc2GZ 

We observe that ^7fc(0[-^fci * Gk2]{C,, t) = unless 

ki < k - 10 and k2 e [k - 2, k + 2] or 
kie[k-2,k + 2] and ki < k - 10 or 
ki,k2 e[k- 10, A; + 20] or 
fci, ^2 > A; + 10 and 1^1 - fcsl < 2. 

For A;, /ci, A;2 G Z let 
Using the definitions, 



k>0 ki,k2 



2 



(10.8) 



For A; G Z+ fixed we estimate, using Proposition 17.11 U7R 18.11 and 18.21 



^k,ki,k2 



k\,k2 



|fc2-fc|<2 fci<fc-10 



|A:i-fc|<2 fc2<fc-10 



,ki,k2 

A:i,A:2G[fc-10,fc+20] fci,fc2>fc+10, |fci-fc2|<2 

<c[ Y \\Gk2\\zk^]-M\Fo + c[ Y WFkAK] 

|A:2-A.i<2 |fci-A:|<2 

+ c[ Y ii^^.ikJ[ Y ii^^^iM 

|fci-fc|<20 |fc2-A:|<20 

+ C2-/'[^||F.J||J"'^[^||G.J||J"1 

ki>k k2>k 



k,ki,k2 I \Zi^ 



■ \\V\\fO 
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The bound ()l().7j) follows. A similar estimate, using Proposition 18.11 and ()8.17j) . 

shows that 

k>i (10.9) 

< C(| |m| liT'crl |t>| 1^0 + I |^o| |f I liT'a). 

We would like now to use the bound (j9.28j) to include the factor m. We may 
assume ||?Ti||sfJo ~ ^' -^^^ ^ ^ C(M : H^^) we write u = + u^^^^, 

«'°"= E-^-M%(em«)(e,r)-r/<,_i5(r-a;(0)] = E J'-'ifD; 

k>0 k>0 
k>0 k>0 

Then, using ^TM with e = 0, 

fe>0 

fc>o fc'>o (10.10) 



\m ■ u 



k>0 k'>0 

< C\\u\ 



|2 



for any u G A similar estimate, using ()9.28|) with e = 1, gives 

\\m ■ w^'^^Wn- < C\\w\\n- (10.11) 

for any w G A^*^. We estimate now the first term in the left-hand side of ()10.6|) 
by 

mimu'^'^'^Ml^. + p.[«'°-(mt;^'^^)]|U. 
+ ||m ■ a,(ni°V°")|U. + ■ (m1°V°")|U. 

In view of p0.7|) and p0.10|) . the first two terms in p0.12|) can be estimated 
by C(||u||ir<T||t>||p.o + I |m| |^o| |t>| li^a), as desired. For the third term, we use the 
important observation that the product of two low-modulation functions has high 
modulation: 

Assuming (jl0.13p , the third term in (jl0.12p can be estimated by C( 1 1 m 1 1 1 1 1> 1 1 -|- 

I \u\ 



\fo\\v\\f'^), using ()10.7j) and (jlO.llj) . To prove p0.1H|) . we write 

^low ^ J2 J'-'ifn and v'"- = J2 ^'\9'n. 

fc>15 fc>15 
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where /^°™ and g^^^ are supported in IJj<fc-i5 ^k,j- For (jlO.lHj) it suffices to prove 
that 

Vk{.Ov<k-ib{.'T - t^(0)(/fci * Qk;) = 0, k> 15, 
which follows easily from ()(i.22|l and ()(j.2H|l . 

In view of fl9.Hj) , for po.fjj) , it suffices to prove that if 1 1 m' 1 1 52^^ = 1 then 

\\m' ■ {UV) < C(| |m| liT'.rl |t>| Ip'O + I |u| Ip'oI |t>| li^cr). (10.14) 

We write u = u^'^^ + m^"", v = v^'^^ + as before. Then, using ^HU^ . the 
bound (j9^ with fca = 0, and Lemma (b), 

||Po("^' ■ Uv)\\]\f<T < C{\\u\\f''\\v\\fO + \ \u\\Fo\\v\\pcr). 

Also, using ^nn^ and (jlO.lOjl as before. 



[/ - Po){m' ■ M^'sS)||^. + ||(/ - Po){m' ■ Mi°-t;^'sh) 



I TV' 



< C(||'u||ir<T||ti||^o + I |m| |iro| |t>| |ir<T). 

Finally, using (jlO.llll . (jHUHI), and the observation (llO.lHjl . 

||(/-Po)(m'-^^^°V°™)||^. < C{\\u\\f^\\v\\fo + \\u\\fo\\v\\f^), 

which completes the proof of ()10.14j) . □ 

To bound the error terms in the formulas 1)2.111) and ()2.13|) of E'^ and P_ we 
use the less demanding spaces Ek^a defined in fl9.20|l for A; > 1, 

Ek,a ={f ^ '■ f supported in Jjt x M and 



U,,^:=2'^'=5^2^||r^,(r)/(e,r)||^2^<oo}. 
3=0 

. For a >0 and a G [-20, 20] we define 

00 

= {ue S'{R X M) : Ml. := Y.^'^^'UVkm - d'^)H^)\\l,^^ < 00}, 

fc=0 

and 

K = e 5'(M X M) : := ^.'^''^'Wrikmr + lY' Hu)\\l,^^ < 00}. 



k=0 



In view of fPOTll . 

Pg- (ZF" (Z FZq and Z N'' C NZ^. (10.15) 
Lemma 10.3. If m e S^^, a G [0,20], a G [-20,20], and u e F^ then 

\\m-u\\Fs < C\\m\\s^J\u\\Fs; ^^^ -^^^ 

\\m • u\\n'^ < (71 1 ml 1 500 I Iwl Itv^. 

II IM^cv — II II '-'llO II I I -'^q; 
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Proof of Lemma Fi 0. 'Jl We may assume ||^«||s'jj(, = 1- Let fk' = rik'{C,)J^{u), k' G 
Z_|_. Using Lemma (9.21 with e = 0, we have 



\m ■ u 



k>0 

k>0 fc'>0 



2 



k>0 k'>0 

< C\\u\ 



|2 

\pcT. 



A similar estimate using Lemma with e = 1 gives the second bound in ()10.16p . 

□ 

Lemma 10.4. (a) Assume that I ^ I' E {[-2^0, 2^% [2^^, oo), (-oo, -2^^]} and 
m G S^Q. Then, for any a G [0, 20] and u G FZiq, 

\\Pi[m-Pr{u)]\\F^^ < C\\m\\s^J\u\\Fz,,\ 
||Pf[m-Pr(u)]||jv- < C'||m||5ocJ|u||jv-,,, 

where Pi denotes the operator defined by the multiplier t) 1/(0- 
(b) In addition, for any a G [0, 20] and u G FZiq, 

||a^P_(m-P+high(«))||Ff„ + P^P+(m-P_highH)||Ff„ < C\\m\\s^J\u\\F.^^^. (10.18) 

Proof of Lemma \1U.4 We may assume 1 1 m 1 1 = 1 and use Lemma 19.21 and the 
definitions. The main observation is that if k, k' G Z+ then d{I fl Ik, I' H Ik') > 
^-1(2^ + 2'='). Let fk' = r]k'{0-^{u){^,T). Using Lemma IIO with e = 0, we have 



\pj[m . Pj'iu)]\\i.^ = E2''^ii%(oi/(o ■ + 1)^ ■ ^/'MiiiImo 

fc>0 

< C E 2"^' [ E 1 1^^^(01/(0 ■ Ht' + l)m ■ J'-'ili'fk')] We, J 

k>0 k'>0 

<CY, 2'"' [ E(2' + 2'=')-50220'='2-'^'='2'^^-' 1 1/^, We,,,, J ' 



fc>0 k'>0 

< CWu\ 



|2 



A similar estimate using Lemma 1^721 with e = 1 gives the second bound in ()10.17p . 

For part (b) the same argument as before works, except for the dyadic piece 
corresponding to /c = (in the left-hand side). To handle this dyadic piece we 
need the additional observation 

wei±{Ovo{OfWzo < wevoiOfWxo < ciir/o(o/iizo < cii^o(o/iUo, 

where 1± denotes the characteristic function of the interval : G [0, oo)}. □ 



(10.20) 
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We can now analyze the nonlinear terms E^, E^, and Eq in ()2.1H1 . ()2.1H|1 . and 
(j2.15p . We assume that Uq, Uq : M. x [—2, 2] — > M are fixed functions that satisfy 
the bounds (compare with ()2.H) and ()2.9|) ) 

\\drd^'uo\\Ll^ < 6 for any ^1,^2 G [0, 120] n Z; 

I |9r(9^2f/(j| 1^2^ <^ for any ai G [0,120] nZ,(T2 G [1,120] nZ, ^ ' ' 

for some 5 <^ 1, and E'^., and Eq are defined as in ()2.11|) . ()2.13|1 . and ()2.15|1 . 
For simplicity of notation, let w = (w+,w__,wo) and 

E(w) = (Ej^{w+,w_,Wo),E_^{w+,w_,Wo),Eo{w+,w_,Wo)). 

For any Banach space B let ||w||b = + + ||wo||b and 

||E(w)||b = \\E+{w+,w^,Wo)\\b + \\E_{w+,w^,Wo)\\b + \\Eo{w+,w^,wo)\\b. 

Proposition 10.5. Assume that a G [0,20], uq.Uq satisfy ()10.19j) . w, w' G 

and : M ^ [0, 1] is the smooth function defined in section\^ Then 

||V'(t)[E(w) - E(w')]||Ar<. <C||w - W\\f-{5 + ||w||iro + llw'lli^'o) 

+ C| |W — W'l |^o(| |w| liTCT + I |w'| liTtr). 

Proof of Proposition \1U.^ Let Tj _|_ and Tj _, i G {1, 2, 3, 4, 5} denote the terms in 
line i in the formulas (pTTll and '^^TT^ . To control ||V^(t)[Ti,+ (w) - Ti,+ (w')]||7v- 
it suffices to prove that 

||m ■ P^-ki^\^{dx{rn'uv))\\N'y < Cdl-uHi^CTlltiUpo + | |m| |iro| |t>| |i?<T), (10.21) 

for any functions m, f G -F*^, where ||m||eoo = ||m'||eoo = 1. We bound the 

' ' II ll'-'llO II ll'-'llO 

left-hand of (ITim|) by 

IK^-high + P\oy,)['m ■ P+\,i^\,{d^{m'uv))]\\N'' 

+ ||P+high[m ■ (P_high + P\o^){d^{rn'uv))]\\N^ (10.22) 

+ ||P+high["^ ■ {d^{'muv))]\\N'^. 

For the first two terms in ()10.22|) we use Lemma flO.41 fa). Proposition 110.21 and 
(jl().15jl . For the third term in (110. 22|) we use Proposition ITO and The 
bound (inmD follows. 

To control | |'?/'(t) [T2_+(w) — T2^+(w')]| |jv<^ it suffices to prove that 

\\m-P+^^^^[d^{uQ-P^Y,iir\,{m'u))]\\N- + \\m-P < C5\\u\\f- 

(10.23) 

for any u G , where || 1 . We use Lemma 110.31 Lemma 

I10.4l fa). and ()10.15|) . The -first term in the left-hand side of f|10.23p is dominated 
by 

||m ■ P+high[c?x(Mo ■ P-high{m u))]\\n^ < C 1 1 P+Mgh [mq • P-high{rn'u)]\\F^ 

< C6\\m'u\\p^ < C6\\u\\F<y, 
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as desired. The bound for the second term is similar. Also, the bound for 

||'?/'(t)[T3^+(w) — T3 _|_(w')]||jvcT follows in the same way. 

To control \ \■^p{t)[T4 .^_(w) — X4 +(w')] | Iat^ it suffices to prove that 

\\dlP4i{I - Po)e'''') ■ P+M^mum^. < C6\\u\\f^ (10.24) 

for any u G F'^, where H'tj-Hs^q = 1. This follows as before, using Lemma llU.3[ 
Lemma [1031 (b), (|l().15jl . and the observation that \ - Po)e'^'>\\s^^^^ < C5. 
To control | |-?/'(t) [T5^+(w) — T5^+(w')]| Itv^ it suffices to prove that 

\\P+d^uo ■ u\\n- <CS\\u\\f-. (10.25) 
for any u G F'^. We bound the left-hand side of p().25|l by 

\\{I-P,)[{I-P,)(P^d,uo)u]\\N^ + \\iI-Po)[iPoP+d,uo)u]\\N^ + \\Po[P^^^^ 

(10.26) 

For the first term in ()10.26p we use Proposition 110.21 with m = 1, m' = 0. For the 
second term in p0.26p we use the bound ()7.16p . For the third term in ()10.26p we 
use Lemma flO. 31 

\\Po[P+dccUo ■ u\\\n^ < C\\P+dccUo ■ u\\fz,,, < C'f^l |m| |f-,„, 



as desired. 

The proofs for the terms Ti_ are identical. To control | {ipit) [Eq{w)~Eq{w') 
it suffices to prove that 



\\P\owdx{muv)\\N^ < C{\\u\\f''\\v\\fo + WuWfoWvWf"); ^7) 

for any functions u,v & F" , where ||m||s^g = 1. For the first bound in ()10.27|) 
we use Proposition 110.21 For the second bound we use Lemma 110.31 and the 
observation ||mMo||sfjQ < C5. This completes the proof of Proposition 110.51 □ 

Proof of Theorem \l.l\ For any interval J C M and a > we define the Banach 
spaces 

F''{I) = {ueS\M.xI):\\u\\F-u)-= inf ||m||f-<oo}; 

u=u on Rx/ 

iV'^(/) = {m e >S'(M X /) : ||M||Ar<.(7) := inf \\u\\no< 00}. 

u=u on Rx/ 

With this notation, the estimates in Lemma f5. II and Lemma f5.2l become 

||l^(t-to)0||F^([to--a,to+a]) <C||0||5., (10.28) 

and 

/ W{t-S){u{s))ds <C\\u\\M'^(^[t,-a,t,+a]). (10.29) 
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for any a G [0,20], to ^ 1^ and a G [0,5/4]. The estimate in Proposition 110.51 
becomes 

||E(w) — E(w')||Ar<T(7) <C||w — w'l |ir<T(/)(5 + ||w||irO(/) + | |w'| |irO(/)) 

I r^W 'II /II II , II 'II N (10.30) 

+C ||W - W ||p'0(7)(||w||ir<T(j) + ||w ||f<^(/)), 

for any a G [0,20] and / C [-5/4,5/4], provided that (fTTrTT1|l holds. 

Assume that Mq, are fixed and satisfy (|10.19p . For data $ = 0_, 0o) ^ 
with the property 

||$||^o<<5, (10.31) 
we consider the vector-valued initial- value problem 



(10.32) 



{dt + Udl)^ = E(v) on M X [-5/4, 5/4]; 
v(0) = 

We can construct a solution of ()10.32|) by iteration: let v° = (0, 0, 0) and let 

W{t)<!>+ [ W^(t-s)(E(v'=)(s))ds, fc = 0,l,.... (10.33) 
Jo 

In view of ^EM, dnr^ , (fnOnj) . and (ITIOT|l . ||v^||f °([-5/4,5/4]) < for any 
A; > 0. Thus, using (fTTOsll . (fTTOoll . (fTTOoll . and (fTTOTll again, 

||v^+i - v'=||^o([_5/4,5/4]) < (^5)^=+^ for any A; = 0, 1, ... . (10.34) 

Using mrm . (110301), (HOSID, and (inOH we obtain | Iv'^] |^.([_5/4,5/4]) < 

cr G [0,20], and then 

llv'^+i - v'^||i..([_5/4,5/4]) < (C(5)^||<l>||^„ for any A; = 0,1,.... 

Thus the sequence v'^ converges in the space F^°([— 5/4, 5/4]) to a function v = 
v($). In addition, for any a G [0,20], 

||v(<I>)||f^([-5/4,5/4])<C||<I>||^., (10.35) 

v($) G C([-5/4, 5/4] : H"^^) (using (HHOl)), v($) solves the initial-value problem 
(flTO^ . and if ||<l>||^o, ll^'lbo < 5 then 

||v($) -v($')l|Fn[-5/4,5/4]) 

<C||$-$1|^.+C'(||<l>||^. + ||$1|^.)||v(<|.)-v(<|.0||^O([_5/4,^^^^^ 

In particular, when a = 0, ||v($) - v($')||i;'0([_5/4_5/4]) < C||$ - $'||jjo- 
Assume now that we start with data G with the property 



(10.36) 



|l2 < 5o = i^/C*, where C is sufficiently large. (10.37) 
We construct the functions uq, u, Uq, w = {w+,W-,wo), and 

$ = (0+,0-,0o) = (e^^«(-'°)p+high0,e-'^°(-'°)p_high0,O) 
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as in section El Clearly, (jlO.HH) holds due to Lemma irTTT] and $ G H'^°. We 
show now that 

w = v($) in M X [-1, 1], (10.38) 

where v($) is constructed as before. This is somewhat delicate since it is not 
clear how to show algebraically that the function e~*^°f+ + e*^°f_ + f o + Mq is a 
solution of the original initial- value problem. 
To prove (jl(J.38j) we show first that 

||w(t)||^o < CSo for any t G [-5/4,5/4]. (10.39) 

For the functions w+ and W- this follows directly using the definition ()2.5p and 
Lemma flO.ll since, in view of the conservation law ()1.2|) . 

PIIl-l2 + WuoWl^lI < 35o for any t G [-5/4,5/4]. (10.40) 

To prove ()10.39|) for the function wq we use first the definition ()2.5|) and ()10.40p . 

so it suffices to prove that 

WVoiO^iiwomOWBo < CSo, t G [-5/4,5/4]. (10.41) 
For this we use the equation (j2.4|) (notice Wo(0) = 0). It suffices to prove that 

||r/o(Oe'sgn(0^i(w(t))(OllBo + \\vom^iin{t){u{t)/2 + uo{t))m\\B, < CSo, 

(10.42) 

for any t G [—5/4, 5/4]. We bound the first term in p0.42|) by 

E2"''ll^^'(0e'-^i(^W)(e)l|L| < C||^I(t)||i| < C<5o, 

k'<l 

as desired. We bound the second term in (jl0.42p by 

\\j'i'[vomj'ii^t)i^t)/2+uomim\Li<c\m^^ 

which suffices in view of (|10.40p . This completes the proof of (jl0.39p . 
Next, we show that there is e = e(| |0| [i^ioo) with the property that 

\\w\\FO(^[to~e,to+e]) < CSq for any to e [-1, !]• (10.43) 

Let g = ^{t){dt + ndl)w. In view of (HO^HD, (CM, (HM, and (ITim|l . for 
P0.43|) it suffices to prove that 

I |^((t - to)/e) ■ g| 1^0 < cm\moo)e'/\ (10.44) 

We show first that for any t G [—5/4, 5/4] 

\\iI-dMt)\\^,o<Cm\moo). (10.45) 

For ()10.45|) we notice first that Tid"^ : H'^ H'^^'^ is a bounded operator. Thus 
it suffices to prove that ||<9fw||^5o < C(| |0| |//ioo), a = 0,1,2,3. For and w_ 
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this is clear using the definitions w± = e^*^°P-thighW and Lemma 110.11 For wo 
this follows using the identity (j2.4p 

dtWQ = -Hdlwo - Piow<9x((mo + u/2) -u), 

the bound ()l().H9j) . and the same argument as in the proof of p().4Hl . This 
completes the proof of p().45j) . To pass from p().45|l to p().44|l . we may assume 
to = and g = g is scalar valued. It suffices to prove that 

mt/e)-g\\^o<Ce'/'\\{I-dM\,.^^,o. (10.46) 

In view of the L] norm in the right-hand side of ()l().4(jj) . we may assume that 
g{x,t) = h{x) K{t- to), where K{t) = J^{t^ + l)-^e''^ dr and ||(/-<9t^)^||ii^2o ^ 
||/i|||^2o- The bound ()l().4(ij) then follows easily from the definitions. 

We can now complete the proof of (jlO.HHj) . Assume w(to) = v(to) = ^ for 
some to £ [^1)1]- Then, for t G [to — £, to + £] we write 

w(t) = W{t - to)^ + Jl W{t - s)(E(w)(s)) ds- 
v(t) = W{t - to)^ + Jl W{t - .)(E(v)(s)) ds. 

We subtract the two identities and use (ll().29ll . (Il().;^()|) . (I1().H5I) (all with a = 0), 
and (ll().4;^jl . The result is 

l|v- w||^0([j„_^,i„+,]) < C||E(v)-E(w)||jvO([to_e,to+£]) < C6\\v-w\\FO(^[to-e,to+e])- 

So V = w in R X [to — £:,to + e]. Since w(0) = v(0) = $, this suffices to prove 

We prove now part (a) of the theorem. Assume that 

(pn £ H!^ and lim 0„ = in L^. 

n— >oo 

By rescaling^, we may assume ||0||l2 < 6o/2, as in ()10.37|) . By using the conser- 
vation law p.2|) . we may assume T = 1. It suffices to prove that for any e > 

\\S^{(f)n) — 5'^(0m)| |l^l2 < £ for Tn,n sufficiently large. (10.47) 
We fix M = M{(f),e) sufficiently large and define = 1[_a/,j\/](0^(0 and 

^niO = l[-M,Af](O0n(O- kuowu that the flow map extends continuously 
on, say, (see, for example, |I2|)- Since lim„^oo = in H^, 

lim \\sr{€)-sr{<P^)\\Lrm = o. 

n,m—>oo 

We estimate now | |S'f^(0„) — S'f^(0^^) | l^oo ^2 . As in section|2l we construct Mo,n, 
Uo^n (which are identical for both functions 0„ and 0*^), 

= (e*^«-P+high0n,e-^^»-P_high0n,O), 

^The smooth flow has invariance property 5°° (0a) ~ [5"°° (</>)] a, where <j)x{x) = X<j){\x) and 
u\{x,t) — \u{\x,X^t). 
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and 

Using Lemma EH the identity (llO.lffill with a = 0, (jCTl]) . and Lemma 

110 

The bound p().47|l follows if M = M(0, e) and n are sufficiently large. 

For part (b) of the theorem, we may assume that a < 2. The same argument 
as before works, once we observe that, using p0.36|) . 

||V($„) - V($,f )||^.([_5/4,5/4]) < - <l>f 11^.(1 + ||<l>„||^. + 11^.). 

□ 



References 

[1] T. B. Benjamin, Internal waves of permanent form in fluids of great depth, J. Fluid Mech. 
29 (1967), 559-592. 

[2] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and ap- 
plications to nonlinear evolution equations II. The KdV-equation. Geom. Funct. Anal. 3 
(1993), 209-262. 

[3] J. Colliander, C. E. Kenig, and G. Stafhlani, Local well-posedness for dispersion-generalized 
Benjamin-Ono equations, Differential Integral Equations 16 (2003), 1441-1472. 

[4] J. Ginibre and G. Velo, Smoothing properties and existence of solutions for the generalized 
Benjamin-Ono equation, J. Differential Equations 93 (1991), 150-232. 

[5] R. J. lorio, On the Cauchy problem for the Benjamin-Ono equation. Comm. Partial Dif- 
ferential Equations 11 (1986), 1031-1081. 

[6] C. E. Kenig and K. D. Koenig, On the local well-posedness of the Benjamin-Ono and 
modified Benjamin-Ono equations, Math. Res. Lett. 10 (2003), 879-895. 

[7] C. E. Kenig, G. Ponce, and L. Vega, Well-posedness of the initial value problem for the 
Korteweg-de Vries equation, J. Amer. Math. Soc. 4 (1991), 323-347. 

[8] H. Koch and N. Tzvetkov, On the local well-posedness of the Benjamin-Ono equation in 
H'iR), Int. Math. Res. Not. 2003 (2003), 1449-1464. 

[9] H. Koch and N. Tzvetkov, Nonlinear wave interactions for the Benjamin-Ono equation, 
Preprint (2003). 

[10] L. Molinet, J.-C. Saut, and N. Tzvetkov, lU-posedness issues for the Benjamin-Ono and 

related equations, SIAM J. Math. Anal. 33 (2001), 928-988. 
[11] H. Ono, Algebraic solitary waves in stratified fluids, J. Phys. Soc. Japan 39 (1975), 1082- 

1091. 

[12] G. Ponce, On the global well-posedness of the Benjamin-Ono equation. Differential Integral 

Equations 4 (1991), 527-542. 
[13] J.-C. Saut, Sur quelques generalisations de I'equation de Korteweg-de Vries, J. Math. Pures 

Appl. 58 (1979), 21-61. 
[14] D. Tataru, Local and global results for wave maps I, Comm. Partial Differential Equations 

23 (1998), 1781-1793. 

[15] D. Tataru, On global existence and scattering for the wave maps equation, Amer. J. Math. 
123 (2001), 37-77. 



GLOBAL WELL-POSEDNESS OF THE BENJAMIN-ONO EQUATION 



53 



[16] T. Tao, Global regularity of wave maps I. Small critical Sobolev norm in high dimension, 

Int. Math. Res. Not. 2001 (2001), 299-328. 
[17] T. Tao, Global regularity of wave maps IL Small energy in two dimensions. Comm. Math. 

Phys. 224 (2001), 443-544. 
[18] T. Tao, Global well-posedncss of the Benjamin-Ono equation in H^{W), J. Hyperbolic 

Differ. Equ. 1 (2004), 27-49. 
[19] M. Tom, Smoothing properties of some weak solutions to the Benjamin-Ono equation. 

Differential Integral Equations 3 (1990), 683-694. 

University of Wisconsin-Madison 
E-mail address: ionescu@niath.wisc.edu 

University of Chicago 

E-mail address: cek@math.uchicago.edu 



